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SYNOPSIS 
C r i t e r i o n f o r t he c o m p a r i s o n o f n u m e r i c a l methods f o r o p t i m i s i n g 
a f u n c t i o n o f a f i n i t e number o f v a r i a b l e s a r e s u g g e s t e d 
f i r s t l y i n genera 1 , t e rms , then more, spec i f i c.a 1 l y . The g e n e r a l c r i t e r i a 
l ead one t o examine a l g o r i t h m s w h i c h a r e h y b r i d s o f l i n e 
s e a r c h e s and methods f o r s o l v i n g n o n l i n e a r e q u a t i o n s . 
Methods f o r s o l v i n g n o n l i n e a r e q u a t i o n s . a re t o a g r e a t e r o r 
l essee e x t e n t based on methods w h i c h s o l v e a f f i n e e q u a t i o n s . 
I t i s shown fctafc fovtvwo o f t h e s e g e n e r a l methods w h i l e a p p a r e n t l y 
h a v i n g t h e same e f f e c t , namely d i a g o n a I m a t r i x r e d u c t i o n , 
one e s s e n t i a l l y p e r f o r m s r e d u c t i o n t o l owe r t r i a n g u l a r f o r m 
and t he o t h e r r e d u c t i o n t o uppe r t r i a n g u l a r f o r m . I t i s p o i n t e d 
o u t t h a t t h e s p e c i f i c c r i t e r i a a r e somet imes q u a l i f i e d ' by 
m i s c o n c e p t i o n s a b o u t N e w t o n ' s a l g o r i t h m f o r s o l v i n g n o n l i n e a r 
e q u a t i o n s . 
The s p e c i f i c c r i t e r i a a r e used t o compare some w e l l known 
a l g o r i t h m s w h i c h a r e d i s c u s s e d i n t h e t e x t . I t i s a r g u e d t h a t 
a l g o r i t h m s w h i c h posses a l l t h e d e s i r a b l e q u a l i t i e s a r e l i k e l y 
t o p e r f o r m b e t t e r t han t h o s e w h i c h o n l y posses a f e w . On t h i s 
b a s i s D a v i d o n ' s ( 1 9 7 5 ) a l g o r i t h m s h o u l d r i v a l m o d i f i e d Newton 
a l g o r i t h m s . O a v i d o n ' s a l g o r i t h m may be u n e c e s s a r i l y comp l i ca ted 
and s i m p l e r f o r m s a r e sugges ted w h i c h a l s o possess a l l t h e d e s i r e d 
qua 1i t i e s . 
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CHAPTER 0 P r e l i m i n a r i e s 
0.1 M a t h e m a t i c a l p rog ramming 
M a t h e m a t i c a 1 . p r o g r a m m i n g , t h e o p t i m i s a t i o n o f a f u n c t i o n 
o f many v a r i a b l e s , p o s s i b l y s u b j e c t t o c o n s t r a i n t s , i s o f t e n t h e 
f i n a l s t e p i n t h e s o l u t i o n o f p r o b l e m s i n e n g i n e e r i n g d e s i g n and 
o p e r a t i o n s r e s e a r c h . e . g . 
m i n i m i se w a s t e ; 
m i n i m i s e c o s t ; 
max.imi se o u t p u t ; 
max imi se p r o f i t . 
I t i s t o be hoped t h a t t h e f u n c t i o n t o be o p t i m i s e d g i v e s a good 
d e s c r i p t i o n o f t h e r e a l s y s t e m , w a s t e , c o s t . e t c . , i n r e s p o n s e 
t o t h e v a r i a b l e s under t h e c o n t r o l o f t h e d e c i s i o n m a k e r . I f 
t h e f u n c t i o n t o be o p t i m i s e d g i v e s a s u f f i c i e n t l y good d e s c r i p t i o n 
oF t h e s i t u a t i o n i t i s supposed, t o m o d e l , t h e p o s i t i o n o f 
t h e op t imum o f t h e f u n c t i o n w i l l a p p r o x i m a t e t h e ' b e s t 1 c h o i c e 
o f t h e d e c i s i o n v a r i a b l e s . 
In g e n e r a l , o n l y a n u m e r i c a l a p p r o x i m a t e t o t h e p o s i t i o n o f 
t h e o p t i m u m o f a f u n c t i o n ( i f one e x i s t s a t a l l ) can be f o u n d 
and t h i s o n l y by an i t e r a t i v e p r o c e s s i n w h i c h s u c c e s s i v e l y 
b e t t e r a p p r o x i m a t i o n s a r e c o n s t r u c t e d . The f u n c t i o n may be 
so i n t r a c t a b l e , ( e . g . one thousand . va r i a b l es) t h a t an a n a l y t i c 
p r o o f o f t h e e x i s t e n c e o f an op t imum i s a l m o s t i m p o s s i b l e . 
I n t u i t i o n , however , may sugges t t h a t such an op t imum 
e x i s t s and i n a d d i t i o n p r o v i d e i n i t i a l e s t i m a t e s t o s t a r t t h e 
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i t e r a t i v e p r o c e s s . I t i s t o be hoped t h a t t h e i n t u i t i v e 
e s t i m a t e s a r e good enough so t h a t t he a l g o r i t h m c o n v e r g e s . 
The e n g i n e e r o r . o p e r a t i o n s r e s e a r c h e r has t o choose one o f a 
p r o l i f e r a t i o n o f compu te r p rog rams a v a i l a b l e t o d a y t o o p t i m i s e 
t h e f u n c t i o n . The c h o i c e between t h e d i f f e r e n t a l g o r i t h m s 
depends on t h e p r o b l e m and on t h e c r i t e r i a . Two r e a s o n a b l e 
c r i t e r i a a r e : 
r a p i d c o n v e r g e n c e and 
r o b u s t n e s s . 
The f i r s t c r i t e r i o n i s f u n d a m e n t a l , compu te r t ime i s c o s t l y . 
I t i s , h o w e v e r , i n c o m p e t i t i o n w i t h t he second c r i t e r i o n , t h e 
a b i l i t y t o p e r f o r m w e l l on a l l p r o b l e m s . T h i s second d i s c r i m i n a n t 
i s an e x p r e s s i o n o f i d e a l i s m , t h e s e a r c h f o r t he panacea t o a l l 
p r o b l e m s . T h i s i s t oo much to hope f o r bu t t h e r e i s a p o s s i b i l i t y 
o f r e d u c i n g t he c h o i c e t o j u s t a few a l g o r i t h m s . The reasons f o r 
w a n t i n g t o r es t r i c t t h e c h o i c e .are 
as f o l l o w s . The e n g i n e e r o r o p e r a t i o n s researcher w i l l most 
l i k e l y want t o o p t i m i s e d i f f e r e n t f u n c t i o n s f r om t i m e t o t i m e , 
so f a m i l i a r i t y and c o n f i d e n c e w i t h a p a r t i c u l a r p rog ram 
v.'i 1 I speed up t h e p r o c e s s and reduce t h e number o f e r r o r s . 
F a m i l i a r i t y w i t h t h e mechanism o f a p a r t i c u l a r a l g o r i t h m w i l l 
a l s o a i d t he d e t e c t i o n o f r easons f o r f a i l u r e . o f the p rog ram. . 
Two more c r i t e r i a c o u l d possibly fce added t o t h e a b o v e : 
m i n i m a l s t o r a g e ; 
s i m p ] i c i t y . 
The f i r s t c o u l d r e a l l y be s a i d t o come under t h e h e a d i n g o f 
r o b u s t n e s s . One wan ts t he p rog ram t o w o r k on f u n c t i o n s w i t h 
a l a r g e number o f v a r i a b l e s as w e l l as on sma l l p r o b l e m s . . 
Advances i n c o m p u t e r d e s i g n w i l l a l l o w l a r g e r s t o r a g e w i t h 
more r a p i d a c c e s s so t h e c r i t e r i o n s h o u l d be m e a s u r e d j p e v h a p s , as 
t h e f r a c t i o n a l s t o r a g e f o r a g i v e n s i z e o f p r o b l e m . The d i f f i c u l t y 
o f s t o r a g e i n e x t r e m e l y l a r g e o p t i m i s a t i o n p rob lems a t t h e 
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moment may n e c e s s i t a t e f a m i l i a r i t y w i t h a t l e a s t two a l g o r i t h m s : 
one f o r m o d e r a t e l y s i z e d p r o b l e m s , t h e o t h e r f o r v e r y l a r g e p r o b l e m s . 
One c a n , h o w e v e r , imag ine . t h e d e v e l o p m e n t o f c o m p u t e r s w i t h r a p i d 
r e c a l l s t o r a g e so l a r g e t h a t t h e f o r m u l a t i o n o f mode ls w h i c h 
r e q u i r e d t h e maximum amount o f s t o r a g e wou ld n o t be f e a s i b l e 
o r even d e s i r a b l e ; The second s u p p l e m e n t a r y c r i t e r i o n , s i m p l i c i t y , 
i s atfcvacVive. on two a c c o u n t s . F i r s t l y , t he d e t e c t i o n o f s o u r c e s 
o f p r o g r a m f a i l u r e i s made t h a t much e a s i e r ; tWis i s e s p e c i a l l y 
d e s i r a b l e i f t h e use r i s n o t a m a t h e m a t i c i a n . S e c o n d l y , 
s i m p l i c i t y l e a d s t o an e a s i e r u n d e r s t a n d i n g . o f the p r o c e s s and so 
t o c o n f i d e n c e i n t he f i n a l r e s u l t . B rod1 ie (1377) s t a t e s : " I n 
rny o p i n i o n any m o d i f i c a t i o n w h i c h c o m p l i c a t e s an a l g o r i t h m has 
t o j u s t i f y i t s e l f by a s i g n i f i c a n t improvement i n p e r f o r m a n c e . 
S i m i l a r l y any m o d i f i c a t i o n w h i c h s i m p l i f i e s an a ! no r i thrrv —vu t h o u t 
o f c o u r s e i m p a i r i n g i t s p e r f o r r a n c e — i s e s p e c i a l l y w e l c o m e . 
A d i s t i n c t i o n i s u s u a l l y drawn between c o n s t r a i n e d and u n c o n s t r a i n e d 
o p t i m i s a t i o n . A l g o r i t h m s f o r c o n s t r a i n e d o p t i m i s a t i o n a r e i n 
g e n e r a l a d a p t a t i o n s o f methods f o r u n c o n s t r a i n e d o p t i m i s a t i o n . 
F u r t h e r m o r e , c o n s t r a i n e d p r o b l e m s , can be s o l v e d by t h e d i r e c t use 
o f u n c o n s t r a i n e d t e c h n i q u e s . I t i s somet imes p o s s i b l e t o t a k e 
a c c o u n t o f a c o n s t r a i n t by a change o f v a r i a b l e s . Ey c a r e f u l c h o i c e 
i t can happen t h a t t he new v a r i a b l e s a r e n o t s u b j e c t t o any 
c o n s t r a i n t . U n f o r t u n a t e l y t h i s i s n o t a l w a y s the case b u t by 
t h e use o f p e n a l t y f u n c t i o n s a c o n s t r a i n e d p r o b l e m c a n . a l w a y s be 
c o n v e r t e d i n t o an u n c o n s t r a i n e d o n e . The. p e n a l t y f u n c t i o n method 
c o n s i s t s o f a d d i n g t o t h e o b j e c t i v e a n o t h e r f u n c t i o n , t he p e n a l t y , 
w h i c h t a k e s v e r y sma l l v a l u e s i n the c o n s t r a i n e d v a r i a b l e subspace 
bu t v e r y l a r g e v a l u e s o u t s i d e i t . From t h e d e s i r e f o r r o b u s t n e s s 
i t i s r e a s o n a b l e t h a t i n t e r e s t s h o u l d be c o n c e n t r a t e d on t h e 
e f f i c i e n t s o l u t i o n o f t he u n c o n s t r a i n e d p r o b l e m . 
Perhaps t he most o b v i o u s c l a s s o f a l g o r i t h m s f o r u n c o n s t r a i n e d 
o p t i m i sa t i o n is t h a t which u ies a l t e r n a t i n g d i rec t i ons . Each i t e r a t i o n 
c o n s i s t s o f s e a r c h e s made i n t u r n a l o n g a c o m p l e t e s e t o f 
l i n e a r l y i n d e p e n d e n t d i r e c t i o n s . The p r o c e s s i s t h e n r e p e a t e d , 
n o t n e c e s s a r i l y w i t h t h e same s e t o f d i r e c . t l o n s . The d i r e c t i o n 
s e t can be u p d a t e d i n t h e l i g h t ' - o f p r e v i o u s i n f o r m a t i o n . 
A n o t h e r d i r e c t s e a r c h s t r a t e g y , w h i c h i s u s e f u l f o r f u n c t i o n s w h i c h 
a r e n o t w e l l d e f i n e d e . g . o b s e r v a t i o n s s u b j e c t to e x p e r i m e n t a l e r r o r , 
i s d e s i g n s e a r c h . A maximal i n i t i a l s e t o f l i n e a r l y i n d e p e n d e n t 
p o i n t s ( p o i n t s w h i c h f o rm a s i m p l e x ) i s s y s t e m a t i c a l l y 
a 1 t e r e d , r e p l a c i n g p o i n t s v / i t h improved e s t i m a t e s o f t h e 
op t imum w h i l e r e t a i n i n g t h e s i m p l e x s t r u c t u r e . 
D i r e c t methods a r e a t t r a c t i v e because o f t h e i r s i m p l i c i t y and because 
they make o n l y modest demands on s t o r a g e . A l t h o u g h t h e me thods 
a r e h e u r i s t i c t h e y have p roved t o be r o b u s t and r a r e l y f a i l 
t o r e a c h a l o c a l m in imum. The drawback i s t h a t t h e r a t e o f 
c o n v e r g e n c e i s somet imes p a i n f u l l y s l o w . In many a p p l i c a t i o n s 
t h e f u n c t i o n t o be o p t i m i s e d i s c o n t i n u o u s l y d i f f e r e n t i a b l e 
and w i t h o u t too much d i f f i c u l t y t he d e r i v a t i v e s c a n be s u p p l i e d t o t h e 
p r o g r a m . In such c a s e s , a t t h e o p t i m u m . o f t h e f unc t i on t h e d e r i v a t i v e 
i s z e r o . T h i s g i v e s a second hand le , t o t h e s o l u t i o n o f t h e 
o p t i m i s a t i o n p r o b l e m w h i c h can o n l y h e l p speed c o n v e r g e n c e : 
t h e op t imum i s a l s o t h e s o l u t i o n t o a s e t o f n o n l i n e a r e q u a t i o n s . 
T h i s s u g g e s t s some h y b r i d o f methods f o r s o l v i n g n o n l i n e a r 
e q u a t i o n s w i t h s t r a t e g i e s f o r o p t i m i s a t i o n . In g e n e r a l t h e 
use o f d e r i v a t i v e i n f o r m a t i o n l e a d s t o a s u b s t a n t i a l i n c r e a s e 
i n t h e s p e e d . o f c o n v e r g e n c e . 
The speed o f c o n v e r g e n c e o f a l g o r i t h m s w h i c h use g r a d i e n t 
i n f o r m a t i o n can be compared t h e o r e t i c a l l y by means o f o r d e r 
o f c o n v e r g s n c e j number o f f u n c t i o n e v a l u a t i o n s and h o u s e k e e p i n g 
o p e r a t i o n s a r g u e m e n t s . The o r d e r o f c o n v e r g e n c e c o m p a r i s o n s 
a r e , however ; c o n f i n e d t o c e r t a i n c l a s s e s o f f u n c t i o n s w h i c h 
a r e somet imes so r e s t r i c t i v e t h a t most a p p l i c a t i o n s dp n o t 
fa l l i n t o one o f t h e c l a s s e s o r t h e p r o b l e m i s so c o m p l i c a t e d 
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t h a t i t i s i m p r a c t i c a l t o show t h a t i t f a l l s i n t o ons o f t h e 
c l a s s e s . ( D i x o n 1 s (1972) p r o o f t h a t wi t h a c c u r a t e l i n e s e a r c h e s a .subset of 
t h e Huang ( l 970 ) a l g o r i t h m s g e n e r a t e , i d e n t i c a l p o i n t s i s an 
e x c e p t i o n . ) 
The speed o f c o n v e r g e n c e and r o b u s t n e s s o f d i f f e r e n t a l g o r i t h m s 
may be compared e x p e r i m e n t a l l y by. f i n d i n g t h e t i m e t o r e a c h 
a p resc r i bed d e g r e e o f p r e c i s i o n on c e r t a i n t e s t f u n c t i o n s 
e . g . H i m m e l b l a u ( 1 9 7 2 ) . T h i s means o f c o m p a r i s o n has t h e d rawback 
t h a t t h e e f f i c i e n c y o f an a l g o r i t h m depends t o a c o n s i d e r a b l e 
e x t e n t on t h e d e t a i l s o f t h e i m p l e m e n t a t i o n . B royden (1972) 
says "We r e a l i z e t h a t t h e r e p u t a t i o n o f an u p d a t e may w e l l 
be due as much to an a r t f u l c h o i c e o f c h e c k s , s a f e g u a r d s and 
p r o g r a m c o n s t a n t s w i t h w h i c h i t i s s u r r o u n d e d as t o t he p r o p e r t i e s 
i n h e r e n t i n t h e u p d a t e i t s e l f , and a r e o n l y t o o c o n s c i o u s 
t h a t a good u p d a t e may be e n h a n c e d , and a poo r one d i s g u i s e d , 
by such d e v i c e s . " T h i s p h i l o s o p h y i s - e x e m p t i f i e d by D i x o n ' s (1972)' 
Theorem: e x p e r i m e n t a l c o m p a r i s o n o f Huang ( l970 ) a l g o r i t h m s 
showed marked d i f f e r e n c e s t o one a n o t h e r . Because o f 
D i x o n ' s Theorem t h i s r e s u l t can be p u t down t o s e n s i t i v i t y 
t o i n a c c u r a c i e s i n t h e l i n e s e a r c h e s . 
A r e c e n t t r e n d ( L a r i c h e v and G o r v i t s ( 1 9 7 M ) , " t h e m i d d l e way " 
i s t o compare a l g o r i t h m s a t - d i f f e r e n t s t a g e s o f t h e o p t i m i s a t i o n 
p r o c e s s . A l m o s t a l l t e s t f u n c t i o n s h a v e , t o p o g r a p h i c a l l y s p e a k i n g , 
a n a r r o w , s t e e p w a i l e d c u r v i n g v a l l e y , t he f l o o r o f w h i c h g e n t l y 
descends t o a un imoda l min imum. Stages o f o p t i m i s a t i o n can be . 
c l a s s i f i e d as d e s c e n t i n t o t h e v a l l e y , advance a l o n g t h e f l o o r 
o f t h e v a l l e y and s e a r c h i n t h e v i c i n i t y o f t he ex t r emum. 
The p r e s e n t w o r k i n v e s ' t i g a t e s a 4 \Yv \ \ ) a r approae-Wto t h e c o m p a r i s o n o f 
a l g o r i u h m s ( w h i c h have been g i v e n v a r i o u s names such as q u a s i - M e w t o n 
and v a r i a b l e m e t r i c ) which, a r e d i s t i n g u i s h e d by t h e f a c t t h a t 
t h e y a r e a h y b r i d between the s o l u t i o n o f a s e t o f n o n l i n e a r 
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e q u a t i o n s and t h e d i r e c t s e a r c h method o f a l t e r n a t i n g / d i r e c t i o n s . 
The i dea i s t o m o t i v a t e and p romo te c e r t a i n p r o p e r t i e s o f 
a l g o r i t h m s and to. s u g g e s t t h a t a l g o r i thms. w h i c h possess most 
o f t h e p r o p e r t i e s a r e more 1 i k e l y t o p e r f o r m t e t t e r t h a n 
a l g o r i t h m s w h i c h possess o n l y one o r two o f t h e p r o p e r t i e s . 
These d e s i r a b l e a t t r i b u t e s o f a l g o r i t h m s a r e f a r f r o m new bu t 
w i l l i n some cases be m o t i v a t e d i n l e s s usua l w a y s . The 
a n a l y s i s r e v e a l s ways o f c o n s t r u c t i n g a l g o r i t h m s w h i c h have 
a l l t h e recommended p r o p e r t i e s . 
A l l p r e s e n t methods , f o r t h e s o l u t i o n o f n o n l i n e a r e q u a t i o n s 
a r e based t o some e x t e n t on t h e s o l u t i o n o f l i n e a r e q u a t i o n s . 
C h a p t e r One examines t h i s b a s i s . Two o f t h e d e s i r a b l e 
p r o p e r t i e s o f u p d a t e s , p o s i t i v e d e f i n i t e n e s s and s y m m e t r y 
a r e u s u a l l y m o t i v a t e d by a p p e a l i n g t o N e w t o n ' s m e t h o d . 
I t i s a r g u e d t h a t t h i s i s t o some, e x t e n t m i s l e a d i n g and 
o t h e r p o s s i b l e m o t i v a t i o n s a r e p u t f o r w a r d . C h a p t e r s Two . 
and T h r e e s y n t h e s i s e two c l a s s e s o f a l g o r i t h m w h i c h s o l v e . 
l i n e a r e q u a t i o n s i n a f i n i t e number o f ' s t e p s , t he s e c a n t and 
c o n j u g a t e d i r e c t i o n m e t h o d s . These c l a s s e s a r e p r e s e n t e d 
i n t h e i r most f u n d a m e n t a l f o r m . I t i s s h o w n ' t h a t t h e c o n j u g a t e 
g r a d i e n t method i s e s s e n t i a l l y r e d u c t i o n t o l ower t r i a n g u l a r 
f o r m and t h e s e c a n t method- i s a s s o c i a t e d w i t h r e d u c t i o n 
t o upper t r i a n g u l a r f o r m . C h a p t e r Four p roposes t h e d e s i r a b l e 
p r o p e r t i e s and compares some wel ' l known, a l g o r i t h m s on " t h e i r 
b a s i s . The s y n t h e s i s o f C h a p t e r s Two and Th ree s u g g e s t ways 
o f c o n s t r u c t i n g o t h e r a l g o r i t h m s w h i c h possess a l l t h e d e s i r a b l e 
p r o p e r t i e s . An a p p e n d i x l i s t s a l l t h e a l g o r i t h m s compared 
and pages i n t h e t e x t w h i c h r e f e r t o them. 
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0 .2 N o t a t i o n 
U n l e s s o t h e r w i s e s p e c i f i e d t h e n o t a t i o n i n t h e t e x t w i l l be as 
f o l l o w s . Lower case Greek l e t t e r s w i l l deno te , s c a l a r s . Lower 
c a s e L a t i n l e t t e r s f r o m t h e b e g i n n i n g and end o f t h e a l p h a b e t 
w i l l be used f o r co lumn v e c t o r s , e l e m e n t s o f r e a l E u c l i d e a n 
space R n . L e t t e r s f r o m t h e m i d d l e o f t h e a l p h a b e t w i l l be 
used as s u b s c r i p t s and s u p e r s c r i p t s . Thus, f o r examp le , . X 1 
wiU be the i t h component o f t h e v e c t o r x w h i l e x . i s t h e i t h 
v e c t o r i n a sequence { x . } o f v e c t o r s . I f f i s a f u n c t i o n 
f r o m n - d i m e n s i o n a 1 Eucl idean space t o n - d i m e n s i o n a 1 E u c l i d e a n , 
space , d e n o t e d f : R n - » R n , and { x . } i s a sequence o f v e c t o r s i n 
R n , t h e n ( f j ) i s t h e sequence o f v e c t o r s { f ( x . ) } . 
The n o t a t i o n ( x , y ) s t a n d s f o r t h e convex s u b s e t o f p o i n t s 
e x p r e s s i b l e i n t h e f o r m Ax + ( l - z O y where X i s an e l e m e n t o f t i n e 
open u n i t i n t e r v a l o f t h e r e a l l i n e . T h i s i s t h u s a g e n e r a l i z a t i o n 
o f t h e n o t a t i i o n used f o r open i n t e r v a l s o f the r e a l l i n e ; 
c l o s e d and h a l f open i n t e r v a l s a r e d e f i n e d c o r r e s p o n d i n g l y . 
Upper c a s e L a t i n l e t t e r s w i l l be used f o r m a t r i c e s . The s u b s e t , 
ran-(A) w i l l d e n o t e t h e space spanned by t he co lumns o f A and 
n u l ( A ) w i l l d e n o t e the n u l l space o f A . The m a t r i x A ^ s t a n d s 
f o r t h e t r a n s p o s e o f A whereas x ^ y s t a n d s f o r t h e i n n e r p r o d u c t 
o f v e c t o r s x and y ; The symbol -L w i l l be used f o r t he o p e r a t i o n 
o f t a k i n g t he o r t h o g o n a l complement e . g . n u l ( A ) = r a n ( A ^ ) ^ " . 
k Ik k kl 
The n o t a t i o n A , A , A - a n d A w i l l r e p r e s e n t t h e f o l l o w i n g s u b m a t r i c e s 
o f A r e s p e c t i v e l y : t h e f i r s t k r o w s , t h e f i r s t k co lumns , t h e 
l a s t k rows and t h e l a s t k c o l u m n s . T h u s , i s t h e k t h p r i n c i p l e 
s u b m a t r i x o f A . Square b r a c k e t s e n c l o s i n g m a t r i c e s and v e c t o r s 
s e p a r a t e d by commas e . g . L"B,X,CJ w i l l r e p r e s e n t a m a t r i x 
whose co lumns a r e t he co lumns o f a r e t h e co lumns o f t h e . c o n s t i t u e n t 
i i i a t r i c e s i n l e f t t o r i g h t o r d e r . 
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G i v e n f u n c t i o n s X:R. n -* R and f : R n -*• R n t h e d e r i v a t i v e s a t x Q 
DX | and 0 f | v/111 d e n o t e t h o s e l i n e a r f u n c t i o n s w h i c h b e s t 
x 0 X Q 
a p p r o x i m a t e X l x ) - X ( x Q ) and f ( x ) - i . e . 
X ( h + x Q ) = x ( x ) + D A | x ( h ) + o ( h ) 
f ( h + x Q ) = f ( x Q ) + D f | x ° ( h ) + o ( h ) 
T h a t i s DA |^ can be t h o u g h t o f as a v e c t o r and 
D f | x can be t h o u g h t o f as a m a t r i x . T h u s , DX i s t h e g r a d i e n t 
v e c t o r and DDX t h e H e s s i a n m a t r i x . ( :The n o t a t i o n 
0 ( h ) r e p r e s e n t s some q u a n t i t y such t h a t 1 im j Q 0 ( h ) / I h i - c o n s t a n t 
where |hl i s some norm o f h; when t h e c o n s t a n t i s z e r o a 
l owe r case o i s u s e d . ) 
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CHAPTER 1 O p t i m i s a t i o n and n o n l i n e a r e q u a t i o n s 
1 . 1 S t a t e m e n t o f t h e p r o b l e m 
M a t h e m a t i c a l p rog ramming i s c o n c e r n e d w i t h f i n d i n g n u m e r i c a l . 
a p p r o x i m a t i o n s t o x : ' : ( f o r p u r p o s e s h e r e i n x - i s an e l e m e n t 
o f n -d i mens i ona.l E u c l i d i a n space R n ) w h i c h i s s p e c i f i e d by 
a subspace l ' c R n w h i c h c o n t a i n s i t and a f u n c t i o n X:F R f o r w h i c h 
x ( x - ) < ). ( x ) f o r a l l x e r - x - . 
Tha t i s , X ( x * ) i s t h e minimum v a l u e t h e f u n c t i o n X t a k e s on r: 
A(x 5 ' ; ) = i n f ( x ( r ) ) . ( I f a maximum i s sough t t h i s can be a c h i e v e d 
by U 5 i i > ^ - X . ) I f r = R° t he p r o b l e m i s saic! t o be u n c o n s t r a i n e d , 
o t h e r w i s e i t i s c o n s t r a i n e d . The c o n s t r a i n t s a r e u s u a l l y g i v e n 
i n f u n c t i o n a l f o r m and f a l l i n t o two c l a s s e s : e q u a l i t y c o n s t r a i n t s , 
e ( x - ) = 0; e £ R1" m<n, wh ich , reduce t he d i m e n s i o n o f t h e p r o b l e m 
and i n e q u a l i t y c o n s t r a i n t s , b ( x - ) - 0; be. R*5; p ^ n , w h i c h g i v e 
r i s e t o b o u n d a r i e s . In many a p p l i c a t i o n s the c o n s t r a i n e d subspace 
i s a r e a s o n a b l e g e o m e t r i c o b j e c t . I f f o r examp le w i t h e q u a l i t y 
c o n s t r a i n t s , t h e d e r i v a t i v e , De has maximal r ank t he c o n s t r a i n e d 
subspace w i l l be a m a n i f o l d w i t h d i m e n s i o n n -m . ( F o r i n e q u a l i t y 
c o n s t r a i n t s t h e f u n c t i o n b:R^ ->• F.n has t o be t r a n s v e r s a l 
( G u i l l e m i n and P o l l a c k (197*0.) 
I f , as w i l l u s u a l l y be assumed, X i s c o n t i n u o u s l y d i f f e r e n t i a b l e 
and t h e p r o b l e m i s u n c o n s t r a i n e d , t h e op t imum a l s o s a t i s f i e s 
DXI , = 0 , a s e t o f ! n ' n o n l i n e a r e n u a t i o n s . P o i n t s a t w h i c h the 
g r a d i e n t i s z e r o a r e n o t n e c e s s a r i l y g l o b a l m i n i m a . They may, 
f o r e x a m p l e , be max ima, s a d d l e p o i n t s o r j u s t l o c a l m i n i m a . 
I t i s t hus n o t s u f f i c i e n t j u s t t o s o l v e t h e s e t o f n o n l i n e a r 
e q u a t i o n s ; some h y b r i d w i t h a 
1 0 
s e a r c h t e c h n i q u e n o t o n l y speeds c o n v e r g e n c e * i t a l s o t e n d s 
t o p r e v e n t c o n v e r g e n c e t o any p o i n t w h i c h - i s n o t , a t l e a s t , 
a l o c a l m in imum. 
G i ven a s e t o f n o n l i n e a r e q u a t i o n s f ( x - ) — 0 t o be s o l v e d t h e 
p r o b l e m can be t u r n e d i n t o one o f o p t i m i s a t i o n . For e x a m p l e , 
m i n i m i s e f ^ f s u b j e c t t o f ( x - ; ) = 0 . T h e r e i s t h u s a f o r m a l 
s i m i l a r i t y between t h e f o l l o w i n g p r o b l e m s : 
e q u a l i t y c o n s t r a i n e d o p t i m i s a t i o n — m i n i m i s e A s u b j e c t t o e = 0 ; 
u n c o n s t r a i n e d o p t i m i s a t i o n — " A " OA = 0 ; 
s e t o f n o n l i n e a r e q u a t i o n s — " f *V " f =•• 0 . 
T h u s , any method f o r s o l v i n g one p r o b l e m can be a d a p t e d t o 
s o l v i n g the o t h e r s . The re a p p e a r s t o be a d i f f e r e n c e i n 
d i m e n s i o n s . The f i r s t p r o b l e m , e q u a 1 i t y c o n s t r a i n t ; i s i n 
r e a s o n a b l e c a s e s (when t h e subspace i s a m a n i f o l d ) , s a y , an 
n-m d i m e n s i o n a l p rob lem. - I f A (x - v ) i s an op t imum on t h e s u b s p a c e , 
t hen t he p r o j e c t i o n o f t h e g r a d i e n t u ^ l x . - . o r | t o t he t a n g e n t space 
a t X" must be z e r o . The t a n g e n t space w i l l have d i m e n s i o n n-m 
so together w i t h , t h e m c o n s t r a i n t e q u a t i o n s , e = 0 , t h e r e i s a t o t a l 
o f " n ' n o n l i n e a r e n u a t i o n s . 
1 . 2 i ion 1 i nea r equa t i ons 
T h i s s e c t i o n a t t e m p t s t o examine t he bases o f methods f o r s o l v i n g 
s e t s o f non l i nea r (nona f f i ne) e q u a t i o n s f ( x : - ) = 0 . S i n c e p r i m a r y 
i n t e r e s t i s i n o p t i m i s a t i o n i t w i l l be assumed t h a t f has ' n ' 
c o m p o n e n t s . T h e r e . a r e a number o f w e l l d e v e l o p e d methods 
f o r s o l v i n g s e t s o f a f f i ne ("1 i nea r ) e q u a t i o n s so i t i s n a t u r a l 
t o t r y and f o r m u l a t e t h e n o n a f f i n e p r o b l e m so as t o appea r 
a f f i n e . I f X i s c o n t i n u o u s l y d i f f e r e n t i a t e , 
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by t h e mean v a l u e t heo rem, 
f U j ) = f ( x 2 ) + J ( x ! - x 2 ) 
whe re t h e i t h row'of t h e ma t r i x J i s 
D f ' I , 0 f 3 . < 1, i = • * • 
A m a t r i x J = f_ j i , j 2» • r r ^ ™ a ^  a ^ t e r n a t ' v e W be c o n s t r u c t e d 
as f o l l o w s ( H i c k s ( l 9 7 0 ) . D e f i n e 
f I ( * i ;>-2i°<) ' f ( X L * 2 » • - » X2 1 , (otx2 + (1 - a ) x { ) , x } + 1 , . . , x i ) 
t h e n n 
f ( * i ) - f ( x 2 ) = ; ^ f . ( x i ; x 2 ; a ) | J = ^ J J d « 3 f . / 3 a 
where j . = f j,da3 h'/3x ' I 1 i - 1 / / , x iv i +1 n . J i - 0 ' x 2 , . . . x 2 , ( a x 2 - \ \ - a j x j ) , x ^ , . . . x j 
The m a t r i x J ( x a > x 1 ) i s no t n e c e s s a r i l y s y m m e t r i c i n i t s a r g u m e n t s no r 
i s i t i n g e n e r a l a symmet r i c m a t r i x . I t can he seen f r o m i t s . 
c o n s t r u c t i o n t h a t 
1im J ( x 2 ; x i ) = Df ! 
so t h a t when f - DX 
1 im J ( x 2 ; x ! ) = D ( D X | ) l 
t h e H e s s i a n m a t r i x . 
The n o n l i n e a r p r o b l e m i s t h e n t o s o l v e t h e se t o f e q u a t i o n s 
0 = f [ x * ) = f ( x ) + J ( x » ; x ) ( x * - x ) 
f o r X " . I f j ( x * ; x ) were a known f u n c t i o n o f x , t h e s o l u t i o n 
w o u l d be g i v e n by 
x ; ' ; = x - J (x' ' : ; x ) f ( x ) 
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where J i s a p a r t i c u l a r g e n e r a l i s e d i n v e r s e o f J (Rao and M i 
A s , o f c o u r s e , J ( x - ; ; x ) i s unknown a l l t h a t c a n be hoped f o r i s an 
a p p r o x i m a t i o n B t o J o r B t o J so t h a t 
x 2 = x j - B ~ f r ( 1 . 2 . 1 ) 
i s a b e t t e r a p p r o x i m a t i o n t o x - t h a n x j w a s . 
B y " b e t t e r a p p r o x i m a t r o n " i s u s u a l l y meant | x 2 ~ x ' r l K ! x l ~ x " l 
f o r some norm | . | . From a p r a c t i c a l p o i n t o f v i e w ( a n d , i n f a c t , 
t h e o n l y t h i n g i t i s p o s s i b l e t o c h e c k ) " b e t t e r " m e a n s A ( x 2 ) < A ( x i ) . 
F u n c t i o n s A f o r v ; h i ch A ( x 2 ) < X ( x , ) i m p l i e s t h a t | x 2 - x * | < | x j - x * J 
wou ld c e r t a i n l y . make c o n v e r g e n c e p r o o f s e a s i e r . B r o a d e r c l a s s e s 
o f f u n c t i o n s f o r w h i c h A ( x ) - A ( x " ) has some o f t h e p r o p e r t i e s 
o f |x -x* | .could be e x p e c t e d t o make some c o n v e r g e n c e p r o o f s p o s s i b l e . 
A l m o s t by d e f i n i t i o n t he se t = { x / | x - x * U c . } i s bounded. f r V n t a e a 
t h u s one p o s s i b l e c l a s s o f f u n c t i o n s i s g i v e n by t h o s e 
f o r w h i c h t h e l e v e l s e t s = { x / A ( x ) $;E: } a r e bounded . From 
t h e p r o p e r t i e s o f t h e E u c l i d e a n m e t r i C j i f x 3 i s an e l e m e n t 
o f t h e l i n e segment ( x 2 , x i ) t h e n 
| x - } - x * | ^ max{ lxj-x-1 , | x 2 - x - | } . 
A f u n c t i o n f o r w h i c h 
A ( x 3 ) £ rriax[ A ( x j , A ( x 2 ) } , x 3 e ( x 2 , x 1 ) 
i s s a i d t o be q u a s i c o n v e x and t h i s p r o v i d e s a n o t h e r u s e f u l c l a s s 
o f f u n c t i o n s . 
The a p p r o x i m a t i o n 1 . 2 . 1 may be improved by a l i n e s e a r c h 
x 2 = x i - f j where \i i s chosen so t h a t A ( X 2 ) i s 
s u f f i c i e n t l y l e s s t h a n A ( x i ) . T h i s i s a most n a t u r a l 
h y b r i d between t h e method o f s o l u t i o n o f n o n l i n e a r e q u a t i o n s 
and d i r e c t s e a r c h t e c h n i q u e s . Hav ing f ound one improved 
v a l u e t h e p rocedu re , i s i t e r a t e d . The d i s t i n g u i s h i n g f e a t u r e 
o-f t h e d i f f e r e n t a l g o r i t h m s i s t he way i n w h i c h t h e 
a p p r o x i m a t i o n s B of B a t each i t e r a t i o n a r e c h o s e n . An 
i m p o r t a n t f a c t o r i n t h e speed o f c o n v e r g e n c e i s t h e amount o f 
w o r k needed i n each i t e r a t i o n . A t r e n d w h i c h began w i t h F l e t c h e r ' s 
and Reeves'( 196^) i m p l e m e n t a t i o n o f t h e c o n j u g a t e g r a d i e n t method 
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was t o p e r f o r m e x a c t l i n e s e a r c h e s , f o r t h i s i s n e c e s s a r y 
f o r t h e s u c c e s s o f t h e c o n j u g a t e g r a d i e n t p h i l o s o p h y . 
I f u i s t a k e n t o be u n i t y t h e amount o f w o r k r e q u i r e d i s m i n i m a l ; 
i f an e x a c t s e a r c h i s r e q u i r e d t h e c o m p u t i n g c o s t o f each 
i t e r a t i o n c o u l d be h i g h . A pape r by F l e t c h e r ( l 9 7 0 ) marks t h e r e c e n t 
t e n d a n c y t o i n e x a c t l i n e s e a r c h e s w h i c h g i v e a s u f f i c i e n t 
d e c r e a s e i n t h e o b j e c t i v e f u n c t i o n f o r t h e e x p e n d i t u r e o f a m o d e r a t e 
amount o f w o r k , 
The amount o f wo rk w i l l be reduced i f t h e d i r e c t i o n o f s e a r c h ^ 
- B ] f i , can be g u a r a n t e e d , by s u i t a b l e c h o i c e o f 0 ^ , . t o be 
d o w n h i l l ; t h a t i s , a d e s c e n t d i r e c t i o n . From t h e T a y l o r s e r i e s 
X ( x 2 ) = A ( X l ) - vfh'iU + 0 ( u 2 | B7f i | 2 ) 
i t i s c l e a r t h a t i f f ^ j f j i s n o n z e r o t hen f o r s u f f i c i e n t l y 
sma l l y t h e o b j e c t i v e f u n c t i o n can c e r t a i n l y be r e d u c e d . The 
r e d u c t i o n wou ld be e x p e c t e d t o v a r y as | f l ^ f j | 271 Bj f ] j 2 .. 
I f f | E ! ] f i i s p o s i t i v e t h e s e a r c h can be r e s t r i c t e d t o p o s i t i v e 
y w i t h a c o n s e q u e n t r e d u c t i o n i n compu te r t i m e . T h u s , i n o r d e r 
t o speed c o n v e r g e n c e , , a d e s i r a b l e p r o p e r t y o f t h e a p p r o x i m a t i o n s 
3 i s t h a t t h e y a r e p o s i t i v e d a f i n i t e . W i t h 1 . 2 . 1 i n n i n d , 
a f u r t h e r r e s t r i c t i o n —y i s l i m i t e d t o a p r e a s s i o n e d n e i g h b o u r h o o d 
o f u n i t y — c o u l d be c o n s i d e r e d . 
The d i f f e r e n t a l g o r i t h m s a r e c l a s s i f i e d by t h e way i n 
w h i c h t h e a p p r o x i m a t i o n s B o r B a r e updated. They may depend 
on i n f o r m a t i o n a t t h e p r e v i o u s s t e p and may even depend on 
i n forma. t i o n g a t h e r e d a t a l l p r e v i o u s s t e p s . The l e s s i n f o r m a t i o n 
an u p d a t e r e q u i r e s t he l e s s s t o r a g e w i 1 1 be r e q u i r e d . I f t h e 
a p p r o x i m a t e i s s y m m e t r i c t h i s c o u l d mean a s u b s t a n t i a l s a v i n g i n 
s t o r a g e f o r l a r g e p r o b l e m s . An important r e q u i rement o f an 
a l g o r i t h m i s t h a t i t should n o t f a i l 
due to updates becoming s ingu la r . . For some a l g o r i t h m s 
there i s a tendency t h a t once an approximate becomes s i n g u l a r 
a l l subsequent approx imat ions are s i n g u l a r and 
subsequent steps, are- r e s t r i c t e d , to a subspace o f R (8**oyJtv» 
Even i f i n theory the updates a re p o s i t i v e d e f i n i t e , i n 
p r a c t i c e they may become s i n g u l a r due t o round o f f e r r o r 
and inexact l i n e searches. The way to avo id t h i s problem 
i s , o f cou rse , to keep a check on the s i n g u l a r i t y o f the update 
and make c o r r e c t i o n s when necessary. Th is in general 
cou ld be a comp l i ca ted , t ime consuming business un less 
the updates a re s to red in a f ash ion tha t makes i t immediately 
apparent what t h e i r c o n d i t i o n i s . I f the updates a re 
symmetric they may be s to red in terms o f f a c t o r s e.g. 
B = L^L where L is lower t r i a n g u l a r and -from the 
d iagonal elements o f L i t i s c l e a r i f there i s a danger o f 
s i n g u l a r i t y . A s i n g u l a r i t y can e a s i l y be cured by amending 
the o f f e n d i n g d iagonal e lement . Hot on l y does .s to rage in t h i s 
form g ive , a check on the c o n d i t i o n o f the update, i t a l s o a l l ows 
one to e a s i l y check f o r p o s i t i v e d e f i n i t e n e s s . Symmetry 
o f the update i s , t hus , a d e s i r a b l e p rope r t y both f rom the 
p o i n t o f v iew o f s t o rage , but perhaps more impor tant 1y ; because 
of l i s f a c t o r i s a t i o n s . Recent work (Go ld fa rb ( l 976 ) ; 
B r o d l i e , Gourlay and Greenstadt.(.1 973)) has been concerned . wi t h 
upda t ing the f a c t o r s d i r e c t l y . 
Two o f the o l d e s t updates are descr ibed in the remain ing 
p a r t o f t h i s Chapter . The f o l l o w i n g two Chapters a re devoted 
to methods which use p r o g r e s s i v e l y more assumptions about 
the l i n e a r i t y of the f u n c t i o n to be o p t i m i s e d . 
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1.3 Newton's and the s teepest descent approx imat ion 
I f the i n i t i a l p o i n t x j i s ' n e a r ' t o the optimum x * and 
j ( x ; x i ) i s a s low ly va ry ing f u n c t i o n o f x , 
J U ^ . X i ) = Df| = DOXI , 
the Hessian a t x ^ , cou ld be expected to be a reasonable app rox ima t i on 
to J ( x " ; x 1 ) . Th is is Newton's app rox ima t i on ; i t i s symmetric but is 
o n l y p o s i t i v e d e f i n i t e i f X} is s u f f i c i e n t l y c l ose to x » . Th is 
objaction C a n be overcome by f a c t o r i s i n g and mod i f y ing the 
f a c t o r s i f requi red, as. descr ibed in Sect ion 1.2.; t h i s is c a l l e d 
the mod i f i ed Newton method.. 
Another o b j e c t i o n , to Newton's method i s the requi rement 
tha t the Hessian be determined a t each s t e p . Th is i n vo l ves 
the e v a l u a t i o n o f n 2 scalar f u n c t i o n s , the equ i va len t o f n 
e v a l u a t i o n s o f f , and t h i s depending on the comp lex i t y o f the 
f u n c t i o n s cou ld be a c o s t l y o p e r a t i o n . The c o s t i s not on l y 
in computer t ime but a l so manhours to- eva lua te the c o r r e c t 
a n a l y t i c express ions f o r the second d e r i v a t i v e and computer 
code tVienft. !n a problem wi th a l a rge number of v a r i a b l e s t h i s 
could- be a fo rm idab le task . The l a t t e r problem can be overcome 
by f i n i t e d i f f e r e n c e approx imat ions to the second d e r i v a t i v e . 
Th is may be even more d e s i r a b l e when one r e a l i s e s t h a t what \& really 
requ i red i s an approx imat ion to J ( x» ; x± ) the rows o f 
which a re g iven by ° f ' I e | X * + ( 1 _ S . ) X l : 
A problem t h a t cannot be avoided w i t h Newton's method i s the 
need to so lve a set o f l i n e a r equa t i ons : 
f ( * i ) + J ( x t ; X l ) ( x 2 - X ] ) = 0 
i n v o l v i n g 0 ( n 3 ) a r i t h m e t i c ope ra t i ons per i t e r a t i o n . (This 
o f course can be done by f a c t o r i s i n g the Hessian which n e a t l y 
t i e s in w i t h any m o d i f i c a t i o n which is needed.) M.any au thors 
have suggested t h a t in l ook ing f o r a l t e r n a t i v e s to 
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Newton's method ; one i s t r y i n g to approximate the Hessian 
m a t r i x and in consequence the approx imat ion should be both 
symmetric and p o s i t i v e d e f i n i t e . I t i s c l e a r from Sect ion 
1.2 t h a t one i s r e a l l y t r y i n g to approximate. J ( x - ; x ) wh ich 
i n general i s n e i t h e r symmetric nor p o s i t i v e d e f i n i t e . What 
cou ld be sa id k be. reasonable i s t h a t the approx imat ion B 
should tend to J ( x * ; x * ) . f the Hessian at. x - which is both 
symmetric a n d . p o s i t i v e d e f i n i t e . 
A long way from the optimum and w i t h o u t any. p r i o r knowledge^ 
the most reasonable cho ice o f B is the u n i t m a t r i x , f o r t h i s 
g i ves the search d i r e c t t o n as the d i r e c t i o n o f s teepest descent . 
This is the l i n e a long which the f u n c t i o n i n i t i a l l y decreases 
most r a p i d l y . The s teepest descent approx imat ion is t r a n s p a r e n t l y 
symmetric and p o s i t i v e d e f i n i t e . In p r a c t i c e the f u n c t i o n 
decreases r a p i d l y a t f i r s t . As the a l g o r i t h m progresses to the. jecemd .stage, 
advance along a steep sided g e n t l y descending v a l l e y , the 
search d i r e c t i o n s w i l l be almost a t r i g h t angles to the l i n e . 
o f the v a l l e y f l o o r . Thus, consecut ive po in t s tend to stigz.a^ 
a long the v a l l e y s ides making l i t t l e p rog ress . What i s a p p a r e n t l y 
needed i s an a l g o r i t h m tha t s t a r t s out l i f e a.s s teepest 
descent and as i t approaches the optimum develops i n t o Newton's 
a 1 go r i t hm. 
I f the boundaries o f the leve l sets o f the f u n c t i o n X 
a re c o n c e n t r i c hyperspheres about the opt imum,the s teepest 
descent a l g o r i t h m reaches the optimum in a s i n g l e s t e p . 
Th is suggests changing the coo rd ina tes so as to make the leve l 
sets as near as poss ib l e s p h e r i c a l . Th is i s known as s c a l i n g . 
I f a s teepest descent step is made in coo rd ina tes y w i t h 
T^y - x then in the x coo rd ina tes the step made i s 
x 2 - x x = -//T T f l 
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Th is in e f f e c t i s a symmetric p o s i t i v e d e f i n i t e approx ima t ion 
T^T to J ( x - ; x ) . Since any symmetric p o s i t i v e d e f i n i t e 
m a t r i x may be f ac to red in the. form T^T, a s tep made w i t h 
such an approx imat ion can be thought o f as a change o f s c a l e . 
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CHAPTER. 2 Secant approx imat ions 
This Chapter begins the ana l ys i s of secant approx imat ions vyliicK 
appear in va r i ous g u i s e s . The phi losophy is to make a l i n e a r f i t 
to known f u n c t i o n v a l u e s . Newton's a l g o r i t h m can be seen to l i e 
j u s t a t the edge o f t h i s broad d e f i n i t i o n as i t i s the l i m i t 
in which the p o i n t s where the va lue is sampled approach the 
i n t i a l p o i n t . When a d i f f e r e n c e approx imat ion i s made t o the 
Hessian t h i s implementat ion l i e s w i t h i n the secant phi 1osophy; 
the approx imat ion is f i t t e d to f u n c t i o n values taken a long the 
coo rd ina te d i r e c t i o n s . Var ious o the r secant updates w i l l he d i scussed . 
2.1 T he ba s i c i d ea 
Suppose a step, i s generated by an approximate to J , 
x'2 = x l ~ vB-jfi; from Sect ion 1.2 &F^ = J21AX1, where A f 2 - ?2~ *1 
and £..xj - x n - Xj . If. x^ and x? are c lose to- the optimum and J 
i s s low ly va r y i ng J ( x " ; x 2 ) w i l l be approx imate ly equal to J i ( . 
Th is suggests making the new approximate , E 2 , f i t the same 
equa t ion as J 2 1 : t f \ = B2AX1.. 
As w i t h Newton's a l g o r i t h m t h i s is hard ly j u s t i f i a b l e a t l a rge 
d i s tances from the- optimum. I t does, however, p resent the p o s s i b i l i t y 
o f s t a r t i n g an a l g o r i t h m w i t h the s teepest d i r e c t i o n and then 
making a minimal change from the u n i t m a t r i x i n o rde r t h a t the 
update f i t s the previous, s tep . 
The s t r a t e g y o f secant approx imat ions i s , t h e n , to approximate 
J by l i n e a r f i t s to known f u n c t i o n va lues . The number o f 
prev ious steps which are f i t t e d d i s t i n g u i s h , 
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t o some e x t e n t , t h e poss ib l e secant a l g o r i t h m s . Let the k t h 
s tep be generated by * i V £ 
B k A x k = " V i c 
where Ax. = x . , - x . . Th is i s i i + l i 
shown s y m b o l i c a l l y in the F i g u r e . 
The approximate B k + . i s chosen- to 
f i t the prev ious k steps 
B. L l A X ' k = A F ' k k+1 (2 .1 .1 ) 
where AX^  k = [ Axj , A x 2 , . . . ,AXjJ and AF^'= [ A f j ,Af 2 . . . .Af k ] . 
The x . w i l l f o r the moment be assumed l i n e a r l y independent . 
A general s o l u t i o n cF 2 .1 .1 can be w r i t t e n - in the form (p.ao and Mitra ( W ) ) 
V AF k ( A x l k ) - L + C k , a ' i . 2 ) 
where ( A X ^ k ) - ^ i s a l e f t inverse of AX^ k (not unique) and 
the nu11 space o f C k conta i ns the range o f AX 
Ik A 
jenera l form o f l e f t inverse i s (Rao and MilvaCini?) 
( A x l k ) ~ L = ( Y , A X ' V ' Y , -K k 
I k 
where Y i s a k*n m a t r i x such tha t the rank o f Y . A X 1 i s 
k I k k 
equal to the rank of A X 1 which is assumed to be k. I f 
is a kxn m a t r i x f o r which r a n k ( 2 k A x ' k ) = k,. A X ' k ( Z ^ A x ' k ) " 1 Z k 
i s idemix>tent and t h e r e f o r e a n r o j e c t o r . I t o r o j e c t s onto 
l i -the range of A X ' * a long the n u l l space o f Z ( the or thogona l 
T
 k 
complement o f the range of Z ) . One form o f C, is then 
k k 
C k - H k ( l - A x I ' ^ A x l y ^ ) 
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where H. is a r b i t r a r y and the second f a c t o r p r o j e c t s onto the n u l l 
I k 
space o f a long the range o f AX 
A canon ica l cho ice fo r 2 .1 .2 i s 
B k + , = B f + ( A F ^ k - B1 A X ' k ) ( A x l k T A x ' k ) ~ 1 A x l k ( 2 . 1 . 3 ) . 
Ik 
t ha t is = Z ^ = AX1 and = Th is represents the 
minimal depar tu re from B j , the i n i t i a l a p p r o x i m a t i o n , f o r i f 
c i s o r thogona l to the range o f A X ^ then B ^ c =• BjC. 
Th is i s the genera.l i s.ed secant approx imat ion o f Barnes (1965) . 
I t .is n e i t h e r symmetric nor p o s i t i v e d e f i n i t e . 
I f ' n ' 1 i nea r l y independent steps. Ax. can be taken w i t h the 
' ' I n -L 
secant approx imat ion 2 .1 .2 the inverse (AX' ) u i s unique 
and C^-- 0. I f, moreover, the system o f equat ions f = 0 
i s a f f i n e J i s a cons tan t and B n becomes equal to J a f t e r 
n s teps . A f u r t h e r step g ives the exact s o l u t i o n . The 
n-s tep secant a l g o r i t h m can be s t a r t e d w i t h the s teepest 
descent step and i f app l i ed to . an a f f i n e equat ion as described, Khe 
f i n a l step is the Newton s t e p . For the non l i nea r case^ 
having made a f i t to the prev ious n steps the a l g o r i t h m 
can be r e s t a r t e d or the n d i r e c t i o n s can be s y s t e m a t i c a l l y 
updated by more recent i n f o r m a t i o n . 
The d i f f i c u l t y w i t h the n-s tep secant approx imat ion i s 
that , i t canridt in general be guarenteed t ha t the s t e p s . { A x . } 
generated by the { E . } w i l l be. l i n e a r l y independent. One 
way to avo id t h i s problem is to take s ide e v a l u a t i o n s . Th is 
is shown s y m b o l i c a l l y in the F igure over the page. The steps 
are generated as before 
but B^ + j i s chosen to f i t s ide 
eva lua t i ons 
where Ax. — x . , i j + 1 
A f . .= f . , i I + 1 
x . and i 
f . . The Ax. may. be 
chosen as before to be the. steps 
Ax. o r members o f a l i n e a r l y 
independent set { r . } , say. I f the l a t t e r is the case, tv.'ics 
as many f u n c t i o n e v a i u a t i o n s are needed. i he update t>,_. , , as 
above, i s g iven by 
T B. ' k+1 * 
W ^ | k ( V * ! k ) ~ V e k ( 2 . 1 . 4 ) 
where the rank o f Y. A X ' is k and the n u l l space o f C. con ta ins 
Ik 
the range o f A X 1 . An obvious cho ice i t to take { A x . } as 
the coo rd ina te d i r e c t i o n s {e . } poss i b l y s c a l e d , then 
~ -1 ~ -1 1 B = A F ( A X ) v/here (A>0 is d i a g o n a l . This i s a d i f f e r e n c e n 
approx imat ion to the Jacobian, a 1 be?t a poor one. (The d i f f e r e n c e 
approx imat ion to the Jacobian can be made e i t h e r in the rows 
or the columns, as here. The d i f f e r e n c e approx imat ion here 
i s n o t , however, taken a t one p o i n t but i s g r a d u a l l y b u i l t 
up. For example, s t a r t i n g w i t h the u n i t m a t r i x t h e . d i f f e r e n c e 
approx imat ion to B f / S x H can be found and t h i s used to rep lace 
the f i r s t column o f the u n i t m a t r i x ; a step i s then generated by 
t h i s new app rox ima t i on . A d i f f e r e n c e approx imat ion to 3 f / 3 x 2 | x 
i s made and t h i s used to replace the second column, and so on . ) 
In general the updates .o f the above form are not symmetric nor 
p o s i t i v e d e f i n i t e . Updat ing those n-s tep secant a l go r i t hms 
which are symmmetric and p o s i t i v e d e F i n i t e ( i f B is to be 
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symmetric p o s i t i v e d e f i n i t e then so must i t s inverse B') , i f 
such e x i s t , i s l i k e l y t o be a compl ica ted bus iness . For most 
o f the r e s t o f t h i s Chapter i n t e r e s t w i i 1 be i n those a l g o r i t h m s 
which f i t on l y the prev ious s tep . Forms o f these e x i s t which 
are symmetric and p o s i t i v e d e f i n i t e . The f i n a l s e c t i o n in 
Chapter Three 'w i11 r e t u r n to a l g o r i t h m s which so lve a f f i n e 
equat ions in . n+1 stfeps. 
I f the update has on l y to f i t the prev ious s tep ,a general form is 
B 2 = A f y T / y T A x + d (2 .1 .5 ) 
where CiAx •= 0. As be fo re , one cho ice o f Cj is Hi ( I - Axz^/z^Ax) 
w i t h Hi a r b i t r a r y . I f .Hj = Bj , the i n i t i a l approximate-, a 
m a t r i x m u l t i p l i c a t i o n is avoided s ince BjAx = - u A f . When 
y rz z, the i n i t i a l approximate is on ly mod i f i ed by a m a t r i x of rank 
one: 
B 2 = Ei + (Af - 6 i A x ) z T / z T A x ( 2 . 1 . 6 ) . 
The canonica l cho ice y = z = ^ x , g ives Broyden"s(1 
a l g o r i t h m , f o r which E 2c = Ejc f o r any c or thogonal to the 
prev ious search d i r e c t i o n Ax. The Broyden (1965) .update 
is n e i t h e r symmetric no*- p o s i t i v e d e f i n i t e . I f the i n i t i a l 
approx imat ion i s poor the a l g o r i t h m i s uns tab le ( i t generates 
d i r e c t i o n s - w h i c h are not descent d i r e c t i o n s ) . Powel1(1S70) 
has g iven a symmetric adap ta t i on of Broyden's update in which 
B is updated by a. .matr ix o f rank two. 
A symmetric form o f 2 . 1 . 6 is ob ta ined by t ak i ng z — (Af - B iAx ) , 
which g ives the complement of Davi don's (1.963) symmetric rank 
one update . Not on l y is i t the complement(Af i s in terchanged 
w i t h Ax and B w i t h 6 ~ ) } i t i s the inverse o f Dav idon 1 s (1968 ) 
as can be seen in Sect ion 2 . 2 us ing the Sherman-Morrison fo rmu la . 
23 
Th is a l g o r i t h m i s not p o s i t i v e d e f i n i t e and i s n o t o r i o u s l y 
u n s t a b l e . I t i s , however, a t t r a c t i v e f o r reasons exp la ined in 
Sect ions 2 . 2 and 3 . 3 . 
I f Ci = B i ( l - Axz^/z^Ax) the most general symmetric update 
o f the form 2 . 1 . 5 i s 
B 2 s Bi + A f A f T / A f T A x + B i A x A x T B i / A x T B i A x 
+ ? ( A f / A f T A x - B i A x / A x T B i A x ) ( A f / A f T A x - B i A x / A x T B i A x ) T 
where t. i s a r b i t r a r y . Th i s i s the complementary s i n g l e parameter 
rank two Broyden(1367) f a m i l y . Th is f a m i l y i s the f a m i l y o f 
inverses o f the Broyden(1367) f am i l y but the inverse o f a 
p a r t i c u l a r member i s not equal to i t s complement. A subclass 
o f t h i s f a m i l y has the p o t e n t i a l f o r p o s i t i v e d e f i n i t e n e s s 
(prov ided the l i n e searches are c a r r i e d ou t to a p r e s c r i b e d 
accuracy) as w i l l be d iscussed in Sec t i on 2 . 2 . 
2 .2 . The . corr.pl errsenta ry secant approx imat ions . 
To f i n d the next s tep in the secant a p p r o x i m a t i o n , as w i t h 
Newton's a p p r o x i m a t i o n , i t i s necessary to so lve a set o f l i n e a r 
e q u a t i o n s . Th is in general , r equ i res 0 ( n 3 ) o p e r a t i o n s . (An 
excep t ion is the implementat ion by G i l l and Hurray ( 1 3 7 2 ) : the 
approximate B is s to red in terms o f i t s Chblesky f a c t o r s and 
these a re updated d i r e c t l y . ) I f B2 and Ei are nons ingu la r 
approx imat ions which d i f f e r by an elementary m a t r i x ( rank o n e ) , 
2 . 1 . 5 , then the Sherman-Morrison formula g ives a s imple express ion 
f o r B?, the updated approximate to J , i n terms o f the i n i t i a l 
approximate Bj to J : 
B2 = Bi + (Ax - B 7 A f ) z 1 B i / z T B l A f . 
The update as might be expected f i t s the prev ious s t e p , 
B2Af = Ax. 
2k 
This suggests tha t ins tead o f making a l i n e a r f i t to J , a l i n e a r 
f i t to J cou ld be made. That i s , f o r the k s tep complementary 
secant approx imat ion B k + j i s determined by f i t t i n g the k p rev ious 
steps 
Then as f o r the usual secant approx imat ion 
A x ' k = B." , A F ' K k+1 
E k + 1 - A x l K ( Y k A F ! k ) - \ + C K 
I k 
where the rank o f Y, AF' i s k and the n u l l soace of. C , c o n t a i n s the 
Ik k • k 
range o f AF1 . I t i s c l e a r tha t l i t t l e is to be achieved by 
t ak i ng s ide eva lua t i ons s ince i f the AX. are taken to be l i n e a r l y 
independent t he re is no guarantee the the Af . w i l l be l i n e a r l y 
independent . 
The one step complementary secant update i s 
B 2 * A x y ' / y T A f + Cj ( 2 . 2 . 1 ) 
where CjAf = 0 . l f C \ = B j ( I - A f z V z T A f ) a m a t r i x m u l t i p l i c a t i o n 
is not avoided as i t was f o r the one step, secant update . However, 
0 ( n 2 ) ope ra t i ons are needed f o r m a t r i x m u l t i p l i c a t i o n as opposed 
to 0 ( n 3 ) f o r s o l v i n g a system o f l i n e a r e q u a t i o n s . Taking 
z = y g ives the rank one updates and the canon ica l cho ice 
z = y •=•- Af i s the complement o f Broyden' s (1S'-'5) a l g o r i t h m 
B?_ =•• Bj + (Ax - B ~ A f ) A f T / A f T A f 
f o r which B2C - B^c f o r a l l c o r thogona l to Af . T h i s , l i k e i t s 
c o u n t e r p a r t i s n e i t h e r symmetric nor p o s i t i v e d e f i n i t e . 
The symmetric rank one update, Davidon(1368) 
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B2 = Bi + (Ax - B iA f ) (Ax - B i A f ) T / ( A x - B]"Af) T Af 
i s a t t r a c t i v e because, f o r an a f f i n e f u n c t i o n , not o n l y does 
i t f i t the immed ia te ly p rev ious s t e p , i t f i t s a l l p rev ious 
s t e p s . Th is w i l l be discussed f u r t h e r in Sec t ion 3.3- As 
s ta ted above the a l g o r i t h m is not s t a b l e but va r i ous implementat ions 
have been proposed which g r e a t l y improve i t s r e l i a b i l i t y . 
A symmetric rank two form o f 2 . 2 . 1 i s the s i n g l e parameter 
rank two Broyden (1967) f a m i l y . 
B2 = Bi + AxAx T /Ax T Af - B ' iA fA f T B i /A f T B^A f ( 2 . 2 . 2 ) 
+ £(Ax/A.x TAf - B~Af /A f T B"Af ) (Ax/Ax T Af - B ~ A f / A f T B ~ A f ) T 
This fam i l y inc ludes the most v.'idely used o p t i m i z a t i o n a l g o r i t h m s 
such as DFP (Davidon-Fl etcher-Powel 1 0163)) with £ = 0, and 
BFGSfBroyden-Fletcher-C.oldfarb-Shanno(:| l)70 / 1) w'.Hi g = A f ^ A f . 
I t i s a subclass o f the Huang(1970) fam i1y : members o f the 
Huang f a m i l y so lve an a f f i n e equa t ion in n+1 s teps when exact 
l i n e searches are used. The reason fo r t h i s i s t h a t they gene ra te ' 
a set o f con juga te d i r e c t i o n s . The Huang f a m i l y i s genera l i sed 
in Sect ion 3 . 1 . D ixon(1972) has shown t h a t a subc lass 
o f the Huang a l g o r i t h m s , which inc ludes the Broyden f a m i l y , 
generate the same sequence o f p o i n t s when exact l i n e searches 
are made. I f exact l i n e searches are per fo rmed, the subclass 
o f the Broyden f a m i l y w i t h £ ^ 0 a re p o s i t i v e d e f i n i t e . For 
inexac t l i n e searches the same subclass i s p o s i t i v e d e f i n i t e i f and 
on l y i f Af^Ax > 0. 
The symmetric rank one a l g o r i t h m (Dav idon (1563) ) so lves an 
a f f i n e equat ion in n+1 steps w i t h a r b i t r a r y s tep s i z e . The 
drawback w i t h the a l g o r i t h m i s t ha t i s tha t the approx imat ions to J 
are not p o s i t i v e d e f i n i t e . The subclass o f the Broyden(1967) 
f a m i l y f o r which £ s> 0 giu-es p o s i t i v e d e f i n i t e updates i f the 
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l i n e searches a re performed s u f f i c i e n t l y a c c u r a t e l y so tha t 
^ f ^ A x > 0 . To reach t h i s degree o f accuracy cou ld be 
expens ive . Only i f the l i n e searches are accura te w i l l t h i s c l a s s 
so lve an a . f f i ne equat ion in a f i n i t e number o f s t e p s . What would 
be d e s i r a b l e is a symmetric p o s i t i v e d e f i n i t e a l g o r i t h m 
which solves an a f f i n e equat ion in a f i n i t e number o f steps 
w i t h a r b i t r a r y s t e p l e n g t h . Oavidon (1575) has produced j u s t 
such an a l g o r i t h m which has a form s i m i l a r to 2 . 2 . 2 : 
B 2 = Bj + z z T / z T y - B i y y T B i / y ' B i y 
+ ^(z/zjy - B i y / y T B i y ) ( z / z T y - B j y / y T B i y ) P 
- - y T T 
where z = Ax - B^Af + Bjy and y z = y Ax = A f ' z . Th i s can be 
rearranged i n t o the form 2 . 2 . 1 : B 2 -Axz^/zTflf + where 
C : = B i ( l - A f z 1 / z T A f ) 
+ (Diy +<^z / z T Af - 4»Biy/y' B iAf ) ( z / z T Af " B i y / y T 8 ~ A f ) T 
shoviing t h a t i t i s a compl imentary one step secant a l g o r i t h m . 
Davidon chooses y so tha t B j ,can f i t a l l p rev ious steps feW-
an a f f i n e f u n c t i o n . Exac t ly how t h i s can happen i s i n v e s t i g a t e d 
in Chapter Th ree . . The parameter i s chosen so t ha t the 
update is p o s i t i v e d e f i n i t e and the c o n d i t i o n number 
o f BjB2 i s min ' tmi 'sed. 
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CHAPTER 3 Conjugate d i r e c t i o n s 
Th is Chapter examines the use o f con jugate d i r e c t i o n s in o p t i m i s a t i o n 
w i t h spec ia l i n t e r e s t in t h e i r r e l a t i o n to and use w i t h i n the 
secant /rame-work. The a n a l y s i s i s more general than is usual 
when d i scuss ing the use o f con juga te d i r e c t i o n s in o p t i m i s a t i o n . 
I t i s argued t h a t most o f these g e n e r a l i s a t i o n s are u n l i k e l y to 
be helpful in produc ing a l g o r i t h m s . Sec t ion 3 .3 does, however, 
g i ve some ideas f o r c o n s t r u c t i n g a l go r i t hms w i t h the same p r o p e r t i e s 
as Dav idon 1 s (1975 ) a l g o r i t h m . 
3 .1 Conjugacy 
The secant approximations i nvo l ve F i t t i n g a hyperplane to known 
f u n c t i o n v a l u e s . The approx imat ions i n tk?. next sec t ion assume l i n e a r i t y 
in the equat ions to be so l ved : f = Ax - b = 0 . The s o l u t i o n 
o f t h i s set o f equat ions is e s s e n t i a l l y the problem o f f i n d i n g 
an inverse f o r the m a t r i x A. The inverse o f c e r t a i n m a t r i c e s , 
f o r example lower t r i a n g u l a r m a t r i c e s , are r e l a t i v e l y easy to f i n d . 
Methods which f i n d the genera l i sed inverse in a f i n i t e number 
o f steps depend on reducing the m a t r i x t o a form fo r which the 
inverse i s easy to f i n d . The reduc t i on o f a m a t r i x , A, i s e s s e n t i a l l y 
the problem o f f i n d i n g pre and post mul t ip ly ing mat r i ces and S 
such tha t R^AS has zeros in p resc r ibed p o s i t i o n s . Th is can 
a l t e r n a t i v e l y be thought o f as choosing vec to rs r and s so t ha t 
r^As = 0 . I f t h i s c o n d i t i o n i s t rue s is sa id to be A-con juga te 
to r or the p a i r ( s , r ) a re sa id to be A-con j'uga t e . I f a l s o ( r , s ) 
is A - c o n j u g a t e , or e q u i v a l e n t l y ( s , r ) i s A^"-conjugate, the p a i r ( s , r ) 
a re sa id to be A - b i c o n j u g a t e . O r t h o g o n a l i t y is c l e a r l y a spec ia l 
case o f con jugacy. 
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3.2 Reduct ion to lower t r i a n g u l a r form 
Suppose t h a t A, S= £ s i , s 2 , . s ^ . and R = £ r j , r 2 . . . . . . . 
are nor is ingu lar mat r i ces and R^AS = L is a lower t r i a n g u l a r 
m a t r i x , t h a t i s T T A S . = 0 i < j , then mot iva ted by the usual 
method o f con juga te d i r e c t i o n s Stewart(1973) g ives the 
f o l l o w i n g a l g o r i t h m f o r so lv ing ; Ax': - b = 0 . Given a r b i t r a r y 
x j , the sequence ^ j , . ^ ^ ] generated by 
x i + l = X i "
 s i r | f i / r l A s i ( 3 ' 2 - l ) 
te rmina tes on x * . By. the assumptions o f nons i ngu lar i ty, 
the a l g o r i t h m can always be c a r r i e d to c o m p l e t i o n . The eas i es t 
way to understand the performance o f the a l g o r i t h m i s the 
f o l l o w i n g . The m a t r i x can be regarded as a l i n e a r t r a n s f o r m a t i o n 
n n 
from R to R . Let the domain of A be equipped w i t h a basis 
formed from the columns- o f S and the range w i t h a basis formed 
from the columns-of (pJ) ^ . With these bases the t r a n s f o r m a t i o n 
is g iven by the m a t r i x L. I f xx •= C the a l g o r i t h m i s no th ing 
more than the usual r e c u r s i v e method fo r s o l v i n g the t r i a n g u l a r 
system o f equa t i ons : 
Ly = z , x - Sy, z « R r b . 
A second proof t ha t i s p e r t i n e n t to o p t i m i s a t i o n is the 
f o l l o w i n g . I t i s easy to show i n d u c t i v e l y t h a t f . i s o r thogona l 
to i"i ; r 2 r . _-j and s ince the range o f R is R n , ^ n + - \ i^ust 
be i d e n t i c a l l y ze ro . From the p o i n t or v iew o f m in im i s i ng 
the quad ra t i c 
X (x) = i-xTAx - bx 
where A is .symmetr ic p o s i t i v e d e f i n i t e , a f t e r i < n steps X 
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i s minimised on the v a r i e t y through the c u r r e n t p o i n t spanned by 
r i , r 2 , r . _ j (s ince X is s t r i c t l y convex) . T h i s / o f cou rse , 
i s the emergence o f the par«s77el subspace.theorem (which i s used 
in some a l go r i t hms f o r o p t i m i s a t i o n w i t h o u t d e r i v a t i v e s ) : 
I f x and y are minima o f the quad ra t i c X on 
p a r a l l e l subspaces ( e . g . v a r i e t i e s generated by 
r i , r 2 , r. j ) then x - y ( p r o p o r t i o n a l t o s . ) 
i s A-con juga te to the subs pace.. 
In the usual con jugate d i r e c t i o n method ( e . g . Luenberger(1973)) 
the s tep d i r e c t i o n s s. serve the a d d i t i o n a l purpose o f da&cy-ibi^'the 
v a r i e t y c o n t a i n i n g the minimum. The above g e n e r a l i s a t i o n , 
t hus , p rov ides a second s c t { r . } . ^ t o d e l i n e a t e the v a r i e t y 
c o n t a i n i n g the minimum. 
The second proof can be res ta ted in a way which w i l l prove 
use fu l l a t e r . I t can be seen t ha t 
F, ... = F . f l where 
V = ( l -
 A Vk / r X ) ( l - A s H r H / r H A s k - l ) < ' " A s x r l / r l A s ! 
From conjugacy i t f o l l ows tha t 
(As . rT / r !As . )F k = 0 f o r i < k ( 3 . 2 . 2 ) 
so tha t F^ is idempotent (F^F^=: F^) . That i s , i s a p r o j e c t o r . 
From 3 .2 .2 the ranoe o f F, is the or thogonal complement or 
Ik * 
the range o f R . In a s imi 1 ar way i t can be shown t h a t the 
T Ik 
range o f F^ is the or thogonal compi ement of derange o f AS . 
Since any p r o j e c t o r p r o j e c t s a long the or thogonal complement o f 
the range o f i t s t ranspose, F^ must p r o j e c t a long the range 
3 0 
o f A s ' k . T h a t i s , 
F - i - A s l k ( R l k T A s l k ) - 1 R l - k T 
F = 0 . 
n 
The r e s i d u e s . e . = x . - x - a r e r e l a t e d i n a s i m i l a r f a s h i o n 
e. , *= E, e , where 
k+1 k 1 
E k ° ( l " S k r k A / r k A s k ) ( l " s k - l V l A / r k - 1 A s k - 1 ) - - " ( l ~ s l r l A / r l A s i ) 
i s a p r o j e c t o r w h i c h p r o j e c t s o n t o t h e o r t h o g o n a l comp lement 
o f t h e range o f A^pJ k ( w h i c h hy c o n j u g a c y i s t h e same as t h e r a n g e 
o f S n k ' ) a l o n g t h e range o f S. . (The p r o o f i s t h e same as f o r 
F, and i s q i v e n i n d e t a i l . b y S t e w a r t ( 1 9 7 3 ) . ) T h a t i s , 
E k = . - s ' k ( J k ) - 1 P > T A 
* = s n * k ! ( s _ 1 ) - n ^ 
E n , 0 . 
The a l g o r i t h m 3 . 2 . 1 i s , o f c o u r s e , u s e l e s s u n l e s s m a t r i c e s R and 
S can he f o u n d . C h a n t e r One s u g g e s t s t a k i n g s . p r o p o r t i o n a l t o 
E . f . when 3 . 2 . 1 becomes 
x . . = x . - r l f . f i 7 f . / r T A B 7 f . . ( 3 . 2 . 3 ) i + l i i i i i i i i 
The r e q u i r e m e n t rTAs^ = 0 f o r j < k i m p l i e s t h a t 
r l A B . ' f , = 0 , f o r j < k. 
j k k * J 
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The a l g o r i t h m i s c o n s t r u c t e d so t h a t rT"F^ = 0 , j < k , 
as shown a b o v e , w h i c h s u g g e s t s t h a t 
B " V r = p r j < k ( 3 . 2 . 4 ) 
K J J 
f o r some c o n s t a n t p . I f t h i s I s t h e c a s e 
A B . " T A T r . = 0 , j < k k j ' J 
where AB. = B. . - B, , and k k+1 k 
AB.^A^V. - p r . - B ^ A r , . 
k k k K k 
One p o s s i b i l i t y i s t h e n 
f o r some u. and t , i n t h e o r t h o g o n a l complement o f t-ai f A T R ' , ' f 
k k 
S i n c e s . i s p r o p o r t i o n a l t o Ax. 
A f T B 1 " l A T r . = A x T A T B , " T A T r . = p A x ! A T r . - 0 , i < k . i , s o i k j i k j i j J ' 
Ax^ and B,_Af^ a r e b o t h members o f t h e o r t h o g o n a l comp lement 
o f t h e range o f A^pJ ^ ^ ( w h i c h - i s t h e range o f S n 1) ^ | f 
t h e u p d a t e i s j u s t t o depend on t h e i n f o r m a t i o n f r om t h e p r e v i o u s 
s t e p ( t o m i n i m i s e s t o r a g e ) t hen i t i s r e a s o n a b l e t o t a k e 
u ^ and t ^ as l i n e a r c o m b i n a t i o n s o f Ax^ and B^Af^ . ' W i t h t h i s 
c h o i c e 3 . ? - . 5 i s a genera 1 i sat ion of tht. Huang ( 1 9 7 0 ) c l a s s o f 
u p d a t e s . S e t t i n g r^ = Ax^ r e p r o d u c e s t h e Huang c l a s s . 
C o n d i t i o n 3 - 2 . ' * r e w r i t t e n as 
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where r . =• Ax-, and Af .= p - l A ^ r . , can be compared w i t h f i t t i n g 
J J J J * 
o f t h e h y p e r p l a n e i n t h e c o m p l e m e n t a r y s e c a n t a p p r o x i m a t i o n 
w i t h s i d e e v a l u a t i o n s , • .Sethaw 2 . J ( 
B~Af. = A x . , i < * . 
k J J } 
Thus , the c o n j u g a t e d i r e c t i o n a l g o r i t h m 3 . 2 . 3 , 3 . 2 . 5 can be seen 
t o f i t a h y p e r p l a n e t o t h e t r a n s p o s e o f p • ' A u s i n g s i d e 
e v a l u a t i o n s a l o n g r . . I f A and 8^ n f e j j jmmtLt - f i t 
and p = l t h i s i s a c o m p l e m e n t a r y n - i f t p aecant 
a p p r o x i m a t i o n w i t h s i d e e v a l u a t i o n s . 
M u a n g ( l S 7 0 ) showed t h a t a l l t h e Huang c l a s s g e n e r a t e t h e 
same d i r e c t i o n s when a p p l i e d t o an a f f i n e e q u a t i o n . T h a t i s } 
t h e s, a r e t h e same up t o n o d u l o u s ; The f o l l o w i n g shows t h a t 
t h i s i s t r u e f o r a l l members o f t h e above g e n e r a l i s e d Huang 
c l a s s . F i r s t l y , s i n c e r l f . = 0 f o r i < k 
j k 
W k + i • ( i - vI A / rX ) ( l - t k - i v , A / v i A V i . ) B i f k + i 
so t h a t t h e d i r e c t i o n s a r e i n d e p e n d e n t o f and p . Because 
o f t h i s o cou ld - be i t e r a t i o n dependan t , p^> w i t h o u t a f f e c t i n g 
t h e c o n c l u s i o n . S i n c e t . i s a l i n e a r c o m b i n a t i o n o f Ax . and 
_ i i 
B . A f . i t i s c l e a r t h a t t . i s a l i n e a r combi n a t i o n - o f 
i ' 1 
B i f i B i f ^ B j f . so t h a t s^r i s a l s o a 1 i n e a r c o m b i n a t i o n 
o f E i f j , Bi f 2 B l f k " T h ' s c a n b e - w r i t t e n as 
R T A D i F L ! - 1 = L o r P J A S ~ F S L U 
where F = Q f i , f 2 , f n l and U ^ i s an upper t r i a n g u l a r m a t r i x . 
T h a t iS jP .^AEjF can t e f a c t o r e d i n t o t h e p r o d u c t o f uppe r and 
l o w e r t r i a n g u l a r m a t r i c e s . S i n c e P., A and B^F a r e assumed 
non's i ngu l a r, U i s u n i q u e l y d e t e r m i n e d up to the s c a l i n g o f i t s rows 
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( H o u s e h o l d e r (1 °6k) §1 .* t ) • T h u s , g i v e n s^ a l i n e a r c o m b i n a t i o n o f 
Bj f i , B j f 2 , ^ l ^ k l s u n ' c 5 u e U P t o m ° d u l o u s . A p a r t f r o m 
s c a l i n g , t h e n , 
s 2 = - B i f l 
S k = " B l f k + E j " ! a k j 5 j k > K 
The r e q u i r e m e n t T T A S . - 0 f o r j < i i m p l i e s t h a t a.. 
j i i j 
s k = " ( l - I j ' l s j r T A / r j A S j j B r f . 
~ - E L i B i f k 
v;herc E^ i s t h e p r o j e c t i o n m a t r i x d e f i n e d e a r l i e r i n t h i s s e c t i o n . 
The p r o j e c t o r E ' p r o j e c t s o n t o t h e o r t h o g o n a l complement o f 
Ik T I k 
S ' ' a l o n g t h e range o f A R ' . T h i s shows t h e r e l a t i o n s h i p t o 
t h e p r o j e c t i o n i m p l e m e n t a t i o n o f t h e c o n j u g a t e d i r e c t i o n method 
e . g . Z o u t e n d i j k ( i g 6 0 ) . 
I t i s d i f f i c u l t t o j u s t i f y t h e i m p l e m e n t a t i o n o f t h e above 
g e n e r a l i s e d c o n j u g a t e d i r e c t i o n a I g o r i t h m , . 3 . 2 . 1 , as a h y b r i d 
s e a r c h m e t h o d . On ly i n t h e case r . - s . , t h e u s u a l c o n j u g a t e 
d i r e c t i o n m e t h o d , i s t h e s t e p t a k e n t o t he minimum o f a q u a d r a t i c 
a l o n g t h e s e a r c h d i r e c t i o n . Even t h e n , t h e s e a r c h has t o be 
e x a c t t o m a i n t a i n c o n j u g a c y and a c h i e v e t e r m i n a t i o n i n n+1 s t e p s . 
Van W y k ( l S 7 7 ) s u g g e s t s l i n e s e a r c h e s a l o n g t h e s i d e s t e p s r . . 
T h i s seems h a r d l y l i k e l y t o a c c e l e r a t e t h e c o n v e r g e n c e f o r a 
g e n e r a l n o n l i n e a r f u n c t i o n as t h e sea rches a r e n o t i n t h e s t e p 
d i r e c t i o n s . 
A f e a t u r e o f t h e g e n e r a l i s e d c o n j u g a t e d i r e c t i o n a l g o r i t h m i s t h a t 
t h e c h o i c e o f r, can be d e f e r r e d u n t i l a f t e r s. has been d e t e r m i n e d . 
= r T A B i f . / r l A s 
J 1 J 
3*» 
S t e w a r t ( 1 9 7 3 ) shows how d i f f e r e n t c h o i c e s o f R l e a d t o o t h e r w e l l 
known m a t r i x r e d u c t i o n s . The u s u a l method o f c o n j u g a t e . d i r e c t i o n s , 
r . = s : , l e a d s t o d i a g o n a l r e d u c t i o n . A n o t h e r way t o a c h i e v e 
d i a g o n a l r e d u c t i o n i s d e s c r i b e d i n t h e r e m a i n d e r o f t h i s s e c t i o n . 
G i v e n m a t r i c e s A and BjF a r e n o n s i ngu. la r , l e t V be a n o t h e r 
n o n s i n g u l a r m a t r i x such t h a t V^AB^F can be f a c t o r e d i n t o 
LDU where L i s l o w e r t r i a n g u l a r , U i s upper t r i a n g u l a r and 
D i s d i a g o n a l . Then 
d e t e r m i n e d as i n 3 . 2 . 6 and r, can be g i v e n by a s i m i l a r e x p r e s s i o n : 
R AS = D 
where R = L V and S = B FU . T h a t i s . t h e p a i r s ( s . , r . ) a r e 
' r 1 j 
b i c o n j u g a t e f o r i j w i t h r^ a l i n e a r c o m b i n a t i o n o f 
V j , v ^ . A g a i n S and R a r e d e t e r m i n e d u n i q u e l y up t o 
s c a l i n g ( H o u s e h o l d e r ( 1 9 & 4 ) . T h u s , u p t o modu lous s. i s 
k-1 
~J"*> k j j 
( I - I ' r J r . s V / r T A s J v , 
J = 1 J J J J k =
 fK-t Vk 
In a d d i t i o n t o t h e sequence g e n e r a t e d by 3 . 2 . 1 , t h e 
sequence g e n e r a t e d by 
k+1 f• s. r. / r , As ( 3 . 7 } 
a l s o t e r m i n a t e s on x * , when A i s s y m m e t r i c , f o r a r b i t r a r y 
i n i t i a l p o i n t x x . T h i s i s because f o r s y m m e t r i c A , s"*AR 
i s l o w e r t r i a n g u l a r . I f B I = 1 ( i . e . t he i n i t i a l s t e p i s t h e 
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t h e s t e e p e s t d e s c e n t ) and v ^ = f ^ t h e n s i n c e ^ ( f ^ ) » s o r t h o g o n a l 
t o r i , r 2 , r | < _ i ( s l » s 2 s k - 1 ^ w n ' c n a r e l i n e a r 
c o m b i n a t i o n s o f f \ t fz F | ( f 1» fz>• • • - f ) i t f o l l o w s t h a t 
f l f . = 0 ( f T f . = 0 ) f o r i < k . Hence o . . . » p . . = 0 f o r i - 1 ?t j 
i k k i . U ' J 
so i n t h i s s i t u a t i o n t h e a l g o r i t h m s 3 - 2 . 6 arid 3 . 2 . 7 r educe t o 
s . , , _ J . , , - f l , f . - s . / f T s . i + l - i + l i + l i + l I i i 
i". , , = - f . , , - f . , , f . - . r . / r . f . i + l i + l i + l i + l i i i 
A f t e r a l i t t l e t r a n s l a t i o n i n c o d i n g t h i s can be seen t o be 
F l e t c h e r 1 s (-1-975) b i c o n j u g a t e g r a d i e n t a l g o r i t h m w h i c h i s a 
g e n e r a l i s a t i o n o f t h e H e s t e n e s - S t i e f e 1 (1152.) conjugate o ^ a A i e n t 
a l g o r i t h m . A d i s c u s s i o n o f h i c o n j u g a t i o n a p p l i e d t o a f f i n e 
p r o b l e m s i s g i v e n , i n W i l k i n s o n ' s took. I t i s t o be n o t e d 
t h a t t h i s t y p e o f a l g o r i t h m s u f f e r s f r o m n u m e r i c a l i n s t a b i l i t i e s 
( f . f . ) because o f l a c k o f s ymmet r y . I t i s h a r d l y l i k e l y 
t h a t t h e g e n e r a l i s a t i o n w i l l p r o v e u s e f u l f o r t h e n o n l i n e a r 
ca s e . 
3 . 3 " e d u c t i o n t o upper t r i a n g u l a r f o rm 
The n - s t e p c o m p l i m e n t a r y s e c a n t u p d a t e 
B k + 1 = A x ! k ( Y k A F , k r \ k + B i d " A F ' k ( Z k A F l V z k ) + H R ( 3 . 3 - D 
where H A F ^ ' = 0 i s somewhat a t t r a c t i v e because w i t h e x a c t 
a r i t h m e t i c i t w i l l s o l v e an a f f i r . e sys tem a t t h e ( n + l ) s t s t e p 
w i t h o u t e x a c t l i n e s e a r c h e s . The one s t e p c o m p l e m e n t a r y 
s e c a n t u p d a t e 
E k + i =
 A v W A f k + B k ( l " * f A ' z l L f J + G k C3 . 3 . ^ ) 
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where G ^ A f ^ a 0, i s a t t r a c t i v e because o f i t s s i m p l i c i t y : 
t h i s a l l o w s one t o i d e n t i f y t h o s e members w h i c h a r e s y m m e t r i c 
and p o s i t i v e d e f i n i t e e . g . some members o f t h e Broyden f a m i l y . 
F u r t h e r m o r e , a n o t h e r s u b f a m i l y t h e Huang c l a s s , w h i c h c o n t a i n s 
t h e Broyden f a m i l y , a r e a b l e t o s o l v e an a f f i n e sys tem a t 
t h e ( n + l ) s t s t e p w i t h a c c u r a t e l i n e s e a r c h e s . I t i s n a t u r a l t o 
a s k i f t h e r e i s a s u b c l a s s w h i c h w i11 s o l v e an a f f i n e sys tem 
i n a f i n i t e number o f s t e p s bu t w i t h o u t e x a c t l i n e s e a r c h e s . 
T h a t i s , , under what c h o i c e s o f and w i l l 3 - 3 . 2 g e n e r a t e 
5 - 3 . 1 . T r a c i n g 3 - 3 . 2 back t o S A g i v e s 
E k + r A X ' ! < ( 1 , K r - B i p i k : + < 2 G i - i p i k + G k 
where 
P j k - { I - A f . z I / z I a f . H . - A f j + 1 z T + 1 / z T + 1 A F . j + 1 ) ( I - A f k z J / z ^ f k ) 
and 
The d i s c u s s i o n i n S e c t i o n 2 .1 shows t h a t P ^ mus t t e a p r o j e c t o r 
but from i t s c o n s t r u c t i o n 
P l k = I - A F ' k U k Z I k f where Z = [ z l t z 2 z n ] a J 
where U K i s upper t r i a n g u l a r . Thus = '(Z^ ^ A F ^ ^ ) ^ and s i n c e 
t h e i n v e r s e o f an upper t r i a n g u l a r m a t r i x i s t r i a n g u l a r i t f o l l o w s 
t h a t a n e c e s s a r y c o n d i t i o n f o r 3 . 3 . 2 t o g e n e r a t e 3 - 3 - 1 i s t h a t 
I kT ' k 
Z 1 AF 1 i s upper t r i a n n u l a r . I t can be shown t h a t P. . i s a 
T T J 
p r o j e c t o r i f Z A F i s upper t r i a n g u l a r i . e . i f z ^ A f . = 0 f o r j > i . 
The p r o o f f o ! l o w s t h a t w h i c h showed F k was a p r o j e c t o r 
Sec t ion 3 . 2 . The m a t r i x P. , p r o j e c t s o n t o t h e o r t h o g o n a l 
J k 
complement o f t h e subspace g e n e r a t e d by z . z. a l o n g t h e 
J k 
t h e subsoace g e n e r a t e d by A f A f . . Note t h a t , because 
' j k 
J 
o f ov-Vho^o nalify t he range o f P ^ k i n c l u d e s the span o f A f j , A f . • 
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From S e c t i o n 2 .1 i t i s c l e a r t h a t Q' must be a l e f t 
i n v e r s e o f ^ o r a l t e r n a t i v e l y 
J + 1 ' k ' J 1 l o o t h e r w i se 
I f Z ^ A F i s u p p e r t r i a n g u l a r t h e n as d e s c r i b e d P i s a p r o j e c t o r and 
P. 
J + » • ' U f . k > j >, i >, I . 
T T 
T h u s , i f Q, i s t o be a l e f t i n v e r s e o f AF , y ^ A f . = 0 f o r j > i 
o r Y^AF must be upper t r i a n g u l a r . Thus n e c e s s a r y c o n d i t i o n s 
f o r 3 . 3 . 1 t o be g e n e r a t e d f r o m 3 - 3 . 2 a r e t h a t Z T AF and Y T AF 
a r e upper t r i a n g u l a r . I t i s easy t o c o n v i n c e o n e s e l f t h a t t h e s e 
c o n d i t i o n s a r e a l s o s u f f i c i e n t . 
S e c t i o n 3 - 2 shows h o w . g i v e n a m a t r i x I , t o c o n s t r u c t a m a t r i x 
S, w i t h s. a l i n e a r c o m b i n a t i o n o f t j , t 2 , t , so t h a t 
R and S reduce A to l o w e r t r i a n g u l a r f o r m . I n s p i r e d by t h i s 
i t s h o u l d be p o s s i b l e , g i v e n a m a t r i x V= { v i > v n 3 . » 
t o f i n d a m a t r i x Y, w i t h y . a l i n e a r c o m b i n a t i o n o f v 1 v . , 
T 1 1 
such t h a t Y Af- i s upper t r i a n g u l a r . I f yi - v i a r t ^ 
y k = ( I - y ^ A f ^ / A f ^ y ^ ) . . ( ! - yiAfJ/AfIyi)v k (3.3.3) 
t h e n by i n d u c t i o n z ^ A f . = 0 f o r k > j . T h i s i s p r e c i s e l y 
t h e t e c h n i q u e a d o p t e d by D a v i d o n ( 1 9 7 5 ) . D a v i d o n , h o w e v t v ; choojes. 
v,^ t o be a v e c t o r ^ w h i c h f o r an a f f i n e s y s t e m i s a l r e a d y o*>fyo^o^a7 t o 
^ 2 t " " " ^ ^ _ 2 t h e n becomes 
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For tV»fc a f f i n e sys tem o f e q u a t i o n s i n S e c t i o n 3 . 2 . ( t h e method 
o f c o n j u g a t e d i r e c t i o n s ) t h e p r o b l e m i s t o r e d u c e A t o l o w e r 
t r i a n g u l a r f o r m . For an a f f i n e sys tem t h e p r o b l e m h e r e , t h e 
n - s t e p s e c a n t a p p r o a c h , i s t o f i n d a . m a t r i x Z such t h a t 
Z^AF = Z^AAX i s upper t r i a n g u l a r . Tha t i s , i t i s n e c e s s a r y 
t o r e d u c e A t o uppe r t r i a n g u l a r f o r m . Suppose t h e r e i s a m a t r i x 
V such t h a t t h e r e i s a f a c t o r i s a t i o n o f V^AAX i n t o L U 
where L i s l owe r t r i a n g u l a r and U is upper t r i a n g u l a r t h e n 
T -1 T 
Z = L V . By an a rguemen t s i m i l a r t o t h e one i n S e c t i o n 
3 . 2 y Z i s u n i q u e up t o s c a l i n g o f i t s c o l u m n s . 
Suppose an u p d a t e B^,^ when a p p l i e d t o an a f f i n e sys tem f i t s 
t h e k p r e v i o u s s t e p s 
B." , A F ' k = B~ , A A x ' k = A x ' k 
k+1 k+1 
t h e n f o r any v e c t o r v 
v T ( A B ~ + 1 - l ) A A x ' K - 0 
so t h a t one c h o i c e o f z. , i s 
k+1 
z. , - ( I - B. y , A T ) v. , 
k+1 k+1 k+1 
t h e n a t u r a l 
( 3 . 3 . 5 ) 
T h i s i s t h e c h o i c e used by D a v i d o n ( 1 9 7 5 ) . The s y m m e t r i c r a n k 
one u p d a t e ( D a v i d o n ( 1 3 o 3 ) ) a l s o uses t h i s f o r m . T h u s , b o t h t h e s e 
when A i s s y m m e t r i c , as i t i s i n o p t i m i s a t i o n , 
c h o i c e i s v ^ + 1 = A x k + i 
z. , , = Ax. , - B. , Af . .. . 
k+1 k+1 k+1 k+1 
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a l g o r i t h m s a r e h - s t e p s e c a n t methods when a p p l i e d t o an a f f i n e 
f u n c t i o n . An a l t e r n a t i v e t o 3 . 3 . 5 i s s i d e e v a l u a t i o n s 
z k + 1 = A * k + 1 " B k + T i A ? k + l C 3 . 3 . . 6 ) 
o r 3 . 3 . 6 c a n be used t o g e n e r a t e a second o r t h o g o n a l s e t . 
A s y m m e t r i c r a n k two f o r m o f 3 . 3 . 2 i s ( P o w e l 1 ( 1 9 7 7 ) ) 
B k + i = B k + ° o ( 4 v ¥ f k ) ( A Y ¥ f k ) T . 
+ 0 1 ( ( A x k - E " A f k ) w [ + w k ( A x k - B k A f k ) T ) + 9 2 w ^ 
where 
6 0 ( A x k - E ~ A f k ) T A f k + 6 ! W k A f k - 1 , 
- T T 
Q\ (Ax. -E . A f . ) A f . + eoW.Af. ~ 0 1 k k k k *• k k 
and v.', is A - tov\juA3fct t o Lxi Ax,, , . Any o f t h e f o r m s 
3 - 3 . 3 , 3 - 3 . 4 and 3 . 3 . 6 can be used f o r w k . I f 9 j and e 2 a r e 
z e r o t h i s i s j u s t t h e symmet r i c r ank one u p d a t e ( D a v i d o n ( 1 9 6 8 ) ) . 
The f r e e p a r a m e t e r can 'be chosen so t h a t t h e u p d a t e i s p o s i t i v e 
d e f i n i t e . For t h e D a v i d o n ( 1 9 7 5 ) a l g o r i t h m v.'k = s o n a v i d o n 
uses a c o m p l i c a t e d p r o j e c t i o n method t o e n s u r e 
c o n j u g a c y t o p r e v i o u s s t e p s . 
CHAPTER k Summary and c o n c l u s i o n s 
D e s i r a b l e g e n e r a l f e a t u r e s o f t e c h n i q u e s f o r n u m e r i c a l o p t i m i s a t i o n 
o f a f u n c t i o n o f a f i n i t e number o f v a r i a b l e s a r e : 
r a p i d c o n v e r g e n c e ; 
r o b u s t n e s s ; 
s i m p I i c i t y . 
M i n i m a l s t o r a g e , w h i c h i s u s e f u l f o r h a n d l i n g p r o b l e m s w i t h a 
l a r g e number o f v a r i a b l e s , i s t o be c o n s i d e r e d as i n c o r p o r a t e d i n 
r o b u s t n e s s . ' In a l a r g e number o f a p p l i c a t i o n s t h e f u n c t i o n 
t o be o p t i m i s e d i s c o n t i n u o u s l y d i f f e r e n t i a b l e w h i c h g i v e s 
an a d d i t i o n a l means by w h i c h t o a c h i e v e r a p i d c o n v e r g e n c e . • 
In t h i s s i t u a t i o n t h e a l g o r i t h m can be a h y b r i d between a l i n e s s a r 
and a method f o r s o l v i n g n o n l i n e a r e q u a t i o n s . 
Method's f o r s o l v i n g n o n l i n e a r e q u a t i o n s a r e based t o a g r e a t e r 
o r l e s s e r e x t e n t on methods f o r s o l v i n g a f f i n e e q u a t i o n s . Most, o f 
t h e s e a r e in some way r e l a t e d t o s e c a n t m e t h o d s , C h a p t e r Two. 
I n t h e s e c a n t a p p r o a c h , a n a p p r o x i m a t i o n t o J ( x - ; x ) o r 
J ( x - ; x ) ( C h a p t e r One) i s made by F a k i n g a l i n e a r f i t t o kriown 
f u n c t i o n v a l u e s . V / i t h N e w t o n ' s method a l i n e a r f i t t o n+1 
f u n c t i o n v a l u e s , i n t he v i c i n i t y o f x , i s made a t . o n e i t e r a t i o n . 
T h i s i s seen more c l e a r l y when a d i f f e r e n c e a p p r o x i m a t i o n i s 
used f o r t h e H e s s i a n . The s i m u l t a n e o u s f i t t o n+1 p o i n t s i s t h e n 
fol lowed by a l i n e s e a r c h and t h i s c o m p l e t e s t h e i t e r a t i o n . 
In t h e n ' - s tep s e c a n t m e t h o d , e . g . B a r n c s ( 1 ? 6 5 ) a l i n e a r f i t 
i s made t o n+1 p o i n t s bu t t h e f i t i s made o v e r n i t e r a t i o n s . 
The f i t s can be made to p r e v i o u s s t e p s o r t o s i d e e v a l u a t i o n s . 
(Newon 's method u s i n g d i f f e r e n c e a p p r o x i m a t i o n s can be seen as 
1»1 
a f i t t o s i d e e v a l u a t i o n s made a l o n g t h e c o o r d i n a t e d i r e c t i o n s . ) 
The o n e - s t e p s e c a n t a l g o r i t h m s , C h a p t e r Two, a r e i n i t i a l l y 
c o n t e n t w i t h f i t t i n g j u s t t h e p r e v i o u s s t e p . T h i s a l l o w s a 
g r e a t dea l o f a r b i t r a r i n e s s b u t i f t h e g r a d i e n t i s assumed 
a f f i n e t h e a r b i t r a r i n e s s can be u t i l i s e d so as t o make an n - s t e p 
s e c a n t f i t . T h i s involves t h e n o t i o n o f c o n j u g a c y w h i c h i s r e l a t e d 
t o r e d u c t i o n o f t h e f u n d a m e n t a l ( H e s s i a n ) m a t r i x ( C h a p t e r T h r e e ) . 
The re a r e two b a s i c a p p r o a c h e s . The. f i r s t , l o w e r t r i a n g u l a r 
r e d u c t i o n , makes a f i t t o t h e t r a n s p o s e o f t he i n v e r s e o f t h e 
f undamen ta l m a t r i x , S e c t i o n 3 . 2 - T h i s method r e q u i r e s e x a c t 
s t e p l e n g t h s . The second m e t h o d , r e d u c t i o n t o uppe r t r i a n g u l a r 
f o r m , i s more c l o s e l y r e l a t e d t o t he more usua l s e c a n t m e t h o d , 
S e c t i o n 3 . 3 . The s t e p l e n g t h s f o r t h i s method can be q u i t e 
a r b i t r a r y . Note t h a t when t h e m a t r i x a p p r o x i m a t i o n s a r e 
s y m m e t r i c and t h e f u n d a m e n t a l m a t r i x i s s y m m e t r i c 
b o t h methods l e a d to d i a g o n a l r e d u c t i o n and so a p p e a r s i m i l a r . 
T h u s , i n g e n e r a l , t h e m a j o r i t y o f a l g o r i t h m s w h i c h a t t e m p t t o 
s o l v e • n o n l i n e a r e q u a t i o n s a r e r e l a t e d t o t he s e c a n t method and 
a l a r g e number o f t h e s e use c o n j u g a t e d i r e c t i o n s i n o r d e r t o 
make a l i n e a r f i t ; T h i s i s t h e reason f o r t he t i t l e o f t h e 
T h e s i s and i t i s t h e s e a l g o r i t h m s w h i c h w i 1 1 be c o m p a r e d . 
A successfu l a l g o r i t h m s h o u l d be a b l e t o cope a d e q u a t e l y wi t h 
each o f t h e t h r e e s t a g e s o f o p t i m i s a t i o n : d e s c e n t i n t o t h e v a l l e y , 
advance a l o n g t h e f l o o r o f t h e v a l l e y and s e a r c h i n t h e v i c i n i t y 
o f t h e o p t i m u m , C h a p t e r One. A l o n g way f r o m t h e op t imum and 
w i t h o u t a n y p r e v i o u s i n f o r m a t i o n , t he s t e e p e s t d e s c e n t d i r e c t i o n 
i s t h e n a t u r a l i n i t i a l c h o i c e . The u p d a t e s h o u l d d i f f e r f r o m 
t h i s by a m i n i m a l amoun t . 
To e n s u r e advance a l o n g t h e v a l l e y f l o o r an improvement s h o u l d 
be made i n t h e o b j e c t i v e f u n c t i o n a t each s t e p . From C h a p t e r 
l»2 
Two, t h i s can be a c h i e v e d i f t h e a p p r o x i m a t i n g m a t r i c e s a r e 
p o s i t i v e d e f i n i t e . A c c u r a t e l i n e s e a r c h e s a r e c o s t l y so i t 
i s r e a s o n a b l e t o t e r m i n a t e t he search• when a p r e a s s i g n e d r e d u c t i o n 
i n t h e o b j e c t i v e f u n c t i o n i s a c h i e v e d . The f i r s t p r o c e d u r e i n 
t h e s e a r c h s h o u l d be t o i n v e s t i g a t e t h e v a l u e o f t h e f u n c t i o n 
when t h e s t e p p a r a m e t e r p i s s e t t o u n i t y and o n l y i f t h i s f a i l s 
t o s a t i s f y t h e s e a r c h c o n d i t i o n s h o u l d t h e s e a r c h be c o n t i n u e d . 
T h i s can be done by mak ing a p o l y n o m i a l f i t t o t h e o b j e c t i v e 
and g r a d i e n t v a l u e s . 
Symmetry o f the . app r o x i ma t i ng m a t r i c e s i s a t t r a c t i v e on a 
number o f a c c o u n t s . F i r s t l y , f o r an a f f i n e e q u a t i o n l a c k 
o f symmetry i n t h e a p p r o x i m a t i n g m a t r i x l eads t o n u m e r i c a l 
i n s t a b i l i t y ( W i 1 k i n s o n ( 1 9 ^ 5 ) C h a p t e r 6 ) . S e c o n d l y , a s y m m e t r i c • 
u p d a t e can be t h o u g h t o f as a r e s c a l i n g w i t h a s t e e p e s t d e s c e n t 
s t e p . W i t h s p h e r i c a l symmetry t he s t e e p e s t d e s c e n t s t e p r e a c h e s 
t h e o p t i m u m . T h i r d l y , i f t he u p d a t e s a r e s y m m e t r i c o n l y a b o u t 
h a l f as much s t o r a g e i s r e q u i r e d and t h i s can be i m p o r t a n t f o r 
l a r g e p r o b l e m s . F i n a l l y , and pe rhaps t h e most i m p o r t a n t need 
f o r s ymmet r y , t h e u p d a t e can be s t o r e d and h o p e f u l l y upda ted 
i n f a c t o r e d f o r m so t h a t a c h e c k on n o n s i n g u l a r i t y and p o s i t i v e 
d e f i n i t e n e s s can be made, and i. f n e c e s s a r y c o r r e c t e d . 
I n t h e f i n a l s t a g e o f t he o p t i m i s a t i o n t h e g r a d i e n t w i l l be 
a l m o s t a f f i n e . The a b i l i t y t o s o l v e ah a f f i n e e q u a t i o n i n 
a f i n i t e number o f s t e p s i s t h u s an a t t r a c t i v e f e a t u r e o f 
an a l g o r i t h m . I t s h o u l d , however , be. r e g a r d e d as l e s s i m p o r t a n t 
t h a n p o s i t i v e d e f i n i t e n e s s and symmet r y . " Q u a d r a t i c t e r m i n a t i o n 
i s d e s i r a b l e i f i t i s n o t a c h i e v e d a t t h e expense o f s t a b i l i t y " 
(B royden ( 1 9 7 2 ) . Methods, w h i c h s o l v e a f f i n e e q u a t i o n s e x a c t l y 
do so i n g e n e r a l by d e r i v i n g t h e f undamen ta l m a t r i x o r i t s 
i n v e r s e . The a p p r o x ; m a t i n g m a t r i x t h e n f i t s a l l p r e v i o u s 
s t e p s o r s i d e e v a l u a t i o n s . 
N e w t o n ' s a I g o r i th'm on l y f i t s t h e p r e v i o u s s t e p s when t h e e q u a t i o n s 
t o be s o l v e d a r e a f f i n e . The n - s t e p s e c a n t a l g o r i t h m f i t s 
t h e p r e v i o u s s t e p s o r s i d e e v a l u a t i o n s w h e t h e r o r n o t t h e e q u a t i o n 
t o be s o l v e d i s a f f i n e . A l g o r i t h m s such as D a v i d o n ' s (19-75) 
and t h e Broyd.en f a m i l y ( 1 9 . 6 ? ) o n l y f i t a l l t h e p r e v i o u s s t e p s 
v/hen t h e e q u a t i o n t o be s o l v e d i s a f f i n e . The r e l a t i o n s h i p 
between f a m i l i e s o f a l g o r i t h m s w h i c h a r e o n e - s t e p s e c a n t i s shown 
i n t h e f o l l o w i n g Venn d i a g r a m . 
Huang (15>70) 
B r o y d e n ( l ^ 6 7 ) 
s v m m e t r i c 
r e d u c e s a f f i n r e d u c e s a f f i n e . 
e q u a t i o n t o l ower e q u a t i o n t o upper 
t r i a n g u l a r ro rm t r iannu1 a r f o rm 
o n e - s t e p s e c a n t 
SP. 
Even tl-wugh when the Hess ian i s s y m m e t r i c and t h e u p d a t e s a r e 
synmet r i c / a l g o r i thms w h i c h cause r e d u c t i o n t o l o w e r and upper 
t r i a n g u l a r f o rm have t h e same e f f e c t , namely d i a g o n a l r e d u c t i o n , 
t h e i r n a t u r e i s v e r y d i f f e r h t . One r e q u i r e s p r e c i s e s t e p l e n g t h s 
but f o r t h e o t h e r a r b i t r a r y s t e p s w i l l d o . The s y m m e t r i c r a n k 
one u p d a t e (Dav i don (1 960)) l i e s i n b o t h camps. A l g o r i t h m s w h i c h 
l i e i n t h e shaded r e g i o n , such as D a v i d o n ( 1 9 7 5 ) » have up u n t i l 
r e c e n t l y been n e g l e c t e d . 
In o r d e r t o p e r f o r m w e l l a t a l l s t a g e s o f t h e o p t i m i s a t i o n 
p r o c e s s an a l g o r i t h m s h o u l d i d e a l l y s t a r t w i t h t h e u n i t m a t r i x 
( s t e e p e s t d e s c e n t ) and p r o g r e s s t h r o u g h p o s i t i v e d e f i n i t e 
s y m m e t r i c m a t r i c e s u n t i l a r r i v i n g a t t h e f u n d a m e n t a l m a t r i x 
( H e s s i a n ) when a p p l i e d t o an a f f i n e s y s t e m . Even t h o u g h one 
i s a t t e m p t i n g t o a p p r o x i m a t e J ( x - f ; x ) , a m a t r i x w h i c h i s i n 
g e n e r a ! n e i t h e r p o s i t i v e d e f i n i t e no r s y m m e t r i c , p o s i t i v e 
d e f i n i t e n e s s and symmetry o f t h e u p d a t e s i s o f p r i m a r y i m p o r t a n c e 
f o r t h e y e n s u r e r e a s o n a b l e p e r f o r m a n c e a t a l l s t a g e s o f t h e 
o p t i m i s a t i o n p r o c e s s . Of s e c o n d a r y c o n s i d e r a t i o n i s s t a r t i n g 
w i t h s t e e p e s t d e s c e n t and d e r i v i n g t he H e s s i a n o r i n v e r s e H e s s i a n 
f o r an a f f i n e e q u a t i o n . These enhance t h e a l g o r i t h m i n t h e i n i t i a l 
and f i n a l s t a g e s . As d e s c r i b e d above a c c u r a t e l i n e s e a r c h e s 
a r e n o t v e r y e c o n o m i c a l and i f t h e a l g o r i t h m has t h e a b o v e 
p r o p e r t i e s w i t h a r b i t r a r y l i n e s e a r c h e s t h i s i s an added b o n u s . 
I f an a l g o r i t h m d e r i v e s t h e Hess ian o r i t s i n v e r s e f o r an a f f i n e 
e q u a t i o n t h e n o f c o u r s e i t f i t s t he p r e v i o u s s t e p . A l g o r i t h m s 
w h i c h f i t t h e p r e v i o u s s t e p but do. n o t d e r i v e t h e H e s s i a n m a t r i x 
may t h e n be t h o u g h t o f as i n t e r m e d i a t e . They do t end t o enhance 
c o n v e r g e n c e i n tWe se.c<™d .und fivnl stages but n o t as well as ^ ( jov i t^ms 
w h i c h d e r i v e t h e H e s s i a n . 
Some i m p o r t a n t a l g o r i t h m s r e f e r r e d t o i n the t e x t w h i c h a r e 
based on s e c a n t pfoilosopy and covi ju^atc d i r e c t i o n s a r e compared 
i n t h e T a b l e on t he f o l l o w i n g page u s i n g t h e c r i t e r i a o f t h e 
above p a r a g r a p h . N e w t o n ' s m o d i f i e d a l g o r i t h m r e f e r s t o t h e 
i n c o r p o r a t i o n o f s a f e g u a r d s f o r p o s i t i v e d e f i n i t e n e s s . A l t h o u g h 
t h e a l g o r i t h m does n o t i n p r i n c i p l e s t a r t w i t h a s t e e p e s t d e s c e n t 
s t e p ; o r . e o r two such s t e p s c o u l d be made so as t o i n i t i a l i s e t h e 
a l g o r i t h m . The BFHS and DFP a l g o r i t h m s when used w i t h i n e x a c t 
s e a r c h e s a p p e a r f r o m e x p e r i e n c e t o be more e f f i c i e n t t h a n when used 
w i t h e x a c t s e a r c h e s . T h i s shows t h a t h a v i n g t o make e x a c t l i n e 
s e a r c h e s i s n o t compensate/ by q u a d r a t i c c o n v e r g e n c e . M o t e , however , 
t h e d i f f e r e n c e between t hese two a l g o r i t h m s and t h e s t e e p e s t d e s c e n t 
a l g o r i t h m . An e n t r y i n t h e t h i r d r o w o f t h e t a t l a o b v i o u s l y 
makes a s i g n i f i c a n t d i f f e r e n c e i n the p e r f o r m a n c e so i t must t c ^ i t o 
r e - d u c e z i g z a g g i n g b e h a v i o u r w h i c h i s a danger i n t h e second s t a g e 
(. Sect ion 1 . 3 ) . 
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In the Broyden f a m i l y the BFCS(Broyden(1970), F l e t c h e r ( 1 9 7 0 ) , 
Go ld fa rbO 970) and Shanno ( 1 9 7 0 ) ) update when used w i t h inexact 
l i n e searches is r e p o r t e d l y the bes t . The reason f o r t h i s i s 
not comp le te l y c l e a r but i s r e l a t e d to c o n d i t i o n i n g . The d e f i n i t i o n 
o f cond i t ion'mg uad lyShanno ( 1 9 7 0 ) — the update tha t makes z^B z 
a maximum f o r a r b i t r a r y z i s opt imal — p icks out the BFGS update . 
T h i s , however, i s not the usual d e f i n i t i o n o f t h e cowj.-t imn n a m t e c o f a iviafrix. 
Dav idon ' s (1975 ) d e f i n i t i o n i s much c l o s e r ; he t r i e s to min imise 
the r a t i o o f the l a rges t to the smal les t e igenvalues o f B, B 
Th is d e f i n i t i o n p icks out the BFGS update but a l so the DFP.(Davidon ( 1 9 5 9 ) , 
F l e t che r and Powell (1 9&3)) update . Thi s/„-:hi 1 e su^est ;« i j the 
s u p e r i o r i t y of theDFP and BFGS updates over the r e s t does 
not e x p l a i n the d i f f e r e n c e between them.' In the o p i n i o n o f the au thor 
the d e f i n t i o n o f ' c o n d i t i o n i n g ' should bear in mind the c r i t e r i a 
which te rm ina te the search. For example, Sect ion 2.1 suggests 
tha t the search cou ld be te rmina ted when X - X. . > e | f . B, f , l 2 / | B . f. I 2 
f o r some preassigned e. Th is i s c l e a r l y going to be a f f e c t e d 
by the c o n d i t i o n i n g . 
The t a b l e suggests t ha t Dav i don ' s (1 S'75) update and the l i k e , 
Sect ion 3 . 3 , i f necessary o p t i m a l l y cond i t i oned , couId r i v a l 
the mod i f i ed Newton's update ( w i t h p o s i t i v e . d e f i n i t e c o r r e c t i o n s 
when necessa ry ) . Davidon 's a l g o r i t h m has the c o m p l i c a t i o n o f 
r e q u i r i n g a p r o j e c t i o n m a t r i x w i t h i n each i t e r a t i o n . Some of the 
a l t e r n a t i v e s o f Sect ion 3.3 may prove equa l l y as good. "One o f 
these cou ld p o s s i b l y be chosen so as to make f a c t o r i s a t i o n eas ie r 
or so as to make .d i rec t update o f the f a c t o r s . e a s i e r . There 
is more freedom than the Broyden(19&7) fami l y because, not o n l y 
is t he re a f r ee parameter ; the cho ice of the second con juga te s e t j w ^ 
is a l so f r e e . ( I f s ide eva lua t i ons are used to generate the. second 
set the a l g o r i t h m w i l l have the same number o f f u n c t i o n c a l l s 
as Me-.'ton's a l g o r i t h m when di f ference approximations to the second 
d e r i v a t i v e are made.) In any event t h i s c l ass o f a l g o r i t h m s should 
prove o f c u r r e n t i n t e r e s t . 
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to on the f o l l o w i n g pages: 
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